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Abstract

Model theory, machine learning, and combinatorics each have generalizations of VC-dimension
for fuzzy and real-valued versions of set systems. These different dimensions define a unique
notion of a VC-class for both fuzzy sets and real-valued functions. We study these VC-classes,
obtaining generalizations of certain combinatorial results from the discrete case. These include
appropriate generalizations of e-nets, the fractional Helly property and the (p, ¢)-theorem.

We then apply these results to continuous logic. We prove that NIP for metric structures is
equivalent to an appropriate generalization of honest definitions, which we use to study exter-
nally definable predicates and the Shelah expansion. We then examine distal metric structures,
providing several equivalent characterizations, in terms of indiscernible sequences, distal types,
strong honest definitions, and distal cell decompositions.

Contents

(1 _Introduction|

[2_Fuzzy Combinatorics|
2.1 Rademacher/Gaussian Complexity and e-Approximations| . . . . . . . . . ... ...

2.2 Covering Numbers and e-Approximations| . . . . . . . . . . .. . ... .. ...

2.3 Transversals and e-nets| . . . . . . . ...
B Mode-T] c Prolim . N Tonl
B _Paird . . . . .

[3.2 Coding Tricks| . . . . . ... ...

3.3 ther Facts

4.1 The Shelah Expansion| . . . . . . . . . . . .. L

[ Definitions of Distality]
5.1 Distal Types| . . .. ... . .

5.2 Strong Honest Definitions| . . . . . . . . . . . . . ...
5.3 istal Ce ecompositions| . . . . . ... ..

1 Introduction

oo o ot W

12

13
13

15
20

Distal structures were first studied as a way to characterise non-stable behavior in NIP theories,
and defined in terms of indiscernible sequences[26]. They include some important non-stable NIP



structures, such as weakly o-minimal structures and the p-adics. Subsequently, distality was re-
defined combinatorially, in terms of strong honest definitions or distal cell decompositions, gener-
alizing o-minimal cell decompositions, and providing the most general model-theoretic setting for
semialgebraic incidence combinatorics[I5] [13][16].

Continuous logic replaces the standard first-order structures of model theory with metric struc-
tures, and formulas with continous functions to the real interval [0, 1][9]. This makes it the natural
setting to study analytic objects such as probability algebras, Banach spaces, and C*-algebras.
It also has natural connections to topological dynamics, as Polish groups are exactly the automor-
phism groups of metric structures, and new research has linked stability and NIP to dynamics in this
way [23][10][19]. Stability, NIP, n-dependence, and some other dividing lines of neostability theory
have already been defined for metric structures, with applications such as continuous n-dependent
or stable regularity [I1][7][I7][12]. Meanwhile, distal metric structures have only been mentioned in
the context of hyperimaginaries|20].

In this paper, we aim to lay the groundwork for studying distality in continuous logic. We set
up the basic theory of distal metric structures, proposing continuous versions of several definitions
of distality, and proving them equivalent. Along the way, we prove results relevant to all NIP metric
structures, including versions of honest definitions and uniform definability of types over finite sets
(UDTFS), generalizing results from [I4] and [I5] in the discrete case. Forthcoming papers[4][5] will
provide examples of distal metric structures and consider distal regularity (as developed in [16] and
simplified in [28]) in the context of continuous logic, providing further characterizations of distal
metric structures in terms of Keisler measures.

In order to understand distality in continuous logic, we must first better understand NIP, and the
various fuzzy and real-valued generalizations of VC-dimension. In Section [2| we use these to prove
real-valued versions of some classic combinatorial theorems of VC-classes. Classically, a set system
on a set X is a set or family of subsets of X, which can be thought of in terms of their characteristic
functions X — {0,1}. A fuzzy set system replaces the characteristic function X — {0,1} with
a characteristic function X — {0, 1, *}, where * denotes an indeterminate truth value. The most
important examples of fuzzy set systems come from classes of functions X — [0, 1]. Given any family
F of such functions, and any 0 < r < s < 1, we can define a fuzzy set system by replacing each
function f : X — [0, 1] with the function f, s such that f(¢t) =0 for ¢t <r, f(t) == forr <t <s,
and f(t) = 1 for t > s. These fuzzy set systems arising from real-valued functions are central to
Ben Yaacov’s development of NIP in continuous logic, including a proof that randomizations of NIP
structures are NIP[7].

In Section[2] we review the different notions of VC-dimension for fuzzy set systems and real-valued
function systems, such as fuzzy VC-dimension, Rademacher complexity, and covering numbers, and
compare these, checking that all of these give rise to the same definition of a VC class of functions.
We then show that VC classes of fuzzy sets admit e-nets, while VC classes of functions admit e-
approximations. We then use a combination of these techniques to show a fractional Helly theorem
(Theorem and a real-valued (p, q)-theorem (Theorem 7 which we will later apply to the
model theoretic context to get uniform (strong) honest definitions.

In Section [d we apply the results of Section [2] to NIP metric structures, using background on
continuous logic provided in Section Just as in classical logic, where an NIP structure is one
where every definable class of sets has finite VC-dimension, a metric structure is NIP (as defined in
[7]) when every definable class of functions is a VC class in any of the equivalent senses of Section
We find several more equivalent definitions of NIP, summarized in Theorem In particular,
NIP metric structures are characterized by the following version of honest definitions:

Theorem 1.1. Let A be a closed subset of M* where M XU and (M, A) < (M', A"). Let ¢(x;y) be
a definable predicate. Then there exists a definable predicate ¥ (x; z), which we call a uniform honest
definition for ¢(x;y), such that for every b € MY, there exists d € A* such that

o foralla € A, ¢(a;b) = ¢(a;d)



o foralla € A', ¢(a';b) < ¢(d;d).

We then define the Shelah expansion of a metric structure by externally definable predicates,
and use honest definitions to show that the Shelah expansion of an NIP metric structure is NIP, just
as in the classical case developed in [14].

With these techniques for studying NIP metric structures, we turn our attention to distal metric
structures in Section |5} Distal metric structures were briefly mentioned in [20], defined by applying
the definition of distal indiscernible sequences to the continuous logic context. In this section, we
flesh out the theory of distal metric structures, starting with that indiscernible sequence definition,
and proving several equivalent characterizations:

Theorem 1.2 (Theorem . If a metric theory T is NIP, then the following are equivalent:
1. T is distal.
2. Every global type is distal.
3. Every formula admits strong honest definitions (see Definition @)
4. Every formula admits an e-distal cell decomposition for each € > 0 (see Definition .

This generalizes characterizations of distality from [27], [15], and [I3] to work with metric struc-
tures.

Acknowledgements

We thank Artem Chernikov for advising and support throughout this project, Itai Ben Yaacov for
advising while the author was in Lyon, and James Hanson for several helpful ideas and conversations
about continuous logic. The author was partially supported by the Chateaubriand fellowship, the
UCLA Logic Center, the UCLA Dissertation Year Fellowship, and NSF grants DMS-1651321 and
DMS-2246598 during the writing process.

2 Fuzzy Combinatorics

In this section, we will generalize some combinatorial facts about set systems and relations of finite
VC-dimension to fuzzy set systems and fuzzy relations.

The VC-dimension of fuzzy set systems was introduced for model theory purposes in [7], and for
machine learning purposes in [2]. A fuzzy subset S of a set X, denoted S C X, is formalized as pair
(S4,5-) of disjoint subsets of X, where Sy is the set of elements such that € S, S_ is the set of
elements such that = ¢ S, but for x € X\ (S US_), the truth value of x € S is undefined. (These can
also be modeled as partial functions to {0,1} on X, or as in [2], functions to {0,%,1}.) A fuzzy set
system on X is a set of fuzzy subsets of X, and a fuzzy relation between X and Y is a fuzzy subset of
X xY. A fuzzy relation R C X xY can produce two fuzzy set systems: RY is the fuzzy set system on
X given by {({z : (z,y) € Ry}, {z: (z,y) € R_}) : y € Y}, and Rx is the similarly-defined fuzzy set
system on Y. Each fuzzy relation R C X x Y has a corresponding dual fuzzy relation, R* C Y x X
given by (y,x) € R}, <= (y,z) € Ry and (y,z) € R* <= (y,z) € R_. Any fuzzy set system
F can also be thought of as a fuzzy relation X x F, given by ({(x,S): 2 € S;},{(z,5):z € S_}),
and thus we can define a dual fuzzy set system, F*, which is the fuzzy set system on F induced by
the dual of that fuzzy relation.

Sometimes, for combinatorial results, it is more useful to think of a fuzzy subset of X as a pair
of nested subsets, as Sy C X \ S_, where we think of the inner subset as the elements that are
definitely in S, and the outer subset as the elements that could possibly be in S. If F is a fuzzy
set system on X, then we can define the inner and outer set systems by F; = {S; : S € F} and



Fo={X\S5_:85 € F}. We can translate many of the combinatorial theorems known for non-fuzzy
set systems by showing that if the assumptions of the theorem hold for F;, then the results will hold
for F,.

Definition 2.1. Let F be a fuzzy set system on X and Y C X. We will define the basic notions of
shattering and the shatter functions associated to F.

e Let FNY be the set of all subsets Z C Y such that there exists S € F with S, NY = Z and
S_NY=Y\Z.

o Let mx(n) = maxycx.|y|=n [F NY]. We call 7 the shatter function of F.
e Say that F shatters Y when FNY = P(Y), or equivalently, |[FNY| =2Vl

e Define the dual shatter function, 7%, to be wx«.

We now have the nomenclature to define the VC-dimension of a fuzzy set system, and VC classes.

Definition 2.2. Let F be a fuzzy set system on X, and d € N. We say that F has VC-dimension
at least d when mx(n) = 2™ for all n < d. The VC-dimension of F, denoted vc(F), is then the
largest such d if there is one, and is otherwise co. We say that F is a VC class when F has finite
VC-dimension.

We define the dual VC-dimension vc*(F) to be the VC-dimension of F*.

Note that this notion of dimension differs by 1 (in the finite case) from the notion of VC-index
discussed in [7]. This more closely matches the convention adopted in the combinatorics literature
that will be cited later.

The following lemma shows that we do not need to define dual-VC classes, as they are the same
as VC classes.

Fact 2.3 ([7, Fact 2.14]). If RC X XY s a fuzzy relation, then Rx is a VC class if and only if
RY is. Thus we can simply speak of VC-relations without specifying whether we are referring to Rx
or RY having finite VC-dimension.

In order to understand the shatter function, we note that the Sauer-Shelah lemma translates
easily to the fuzzy context:

Fact 2.4 ([1)). If F is a fuzzy set system on X with VC-dimension at most d, then for all n,
mr(n) < pa(n), where pa(n) =3 ;4 n* = O(n?).

Unfortunately, this polynomial bound does not suffice to translate all probabilistic arguments
using the shatter function, as for a fuzzy set system F on X and a subset Y C X, the number of
actual possible fuzzy subset intersections (S; NY,S_NY) for S € F could be much larger. In some
cases, counting a strong disambiguation (as described in [2]) will be more helpful:

Definition 2.5. If S C X, say that a subset S’ C X strongly disambiguates S when S, C S’ and
SN S_ = (. Say that a set system F' on a set X strongly disambiguates a fuzzy set system F on
X when for every fuzzy set S € F, there is some S’ € F' refining S.

The following lemma is an immediate consequence of [2, Theorem 13], and can be thought of
as a version of Sauer-Shelah for strong disambiguations, though its bound is slightly worse than
polynomial.

Lemma 2.6. Let F be a fuzzy set system on a finite set X of VC index at most d. Then there exists
a non-fuzzy set system F' strongly disambiguating F, with |F'| < | X|C(d1ee(XD),



We now look at fuzzy set systems derived from classes of real-valued functions. If Q C [0, 1],
and 0 < r < s < 1, then @ gives rise to the fuzzy set system @, ; consisting of the fuzzy sets
qr.s = (g<r,q>s) for ¢ € Q, where g<, = {z : ¢(z) <r} and ¢>s = {z : ¢(z) > s}. Then the inner set
system of Qs is Q<, = {{z : ¢(z) <r}:q € Q}, and the outer is Q<5 = {{z : ¢(z) < s} : g€ Q}.
If instead of a set of functions @ C [0, 1]%, we have a function @ : X x Y — [0,1], we can define a
fuzzy relation @), s on X and Y.

Definition 2.7. Let Q C [0, 1]¥ be a collection of functions. We say that Q is a VC-class when for
any 0 <r < s <1, the fuzzy set system @, s has finite VC-dimension.

If instead @ is a function @ : X x Y — [0,1], we say that @ is a VC-function when for any
0 <r < s <1, the fuzzy relation @, s has finite VC-dimension.

2.1 Rademacher/Gaussian Complexity and e-Approximations

In order to express another equivalent definition of VC classes of functions, we need to introduce the
concepts of Rademacher/Gaussian complexity and mean width. This definition of a VC class will
then allow us to retrieve a version of the VC Theorem, guaranteeing the existence of e-approximations
to VC classes.

Definition 2.8. Let A C R™. Let o be a randomly chosen vector in R™. Define the mean width of
A, w(A, o), to be Eg[sup,ecq 0 - al.

If o is chosen uniformly from {+1, —1}, then we call w(A, o) the Rademacher mean width, denoted
wgr(A) =w(A, o).

If o = (01,...,0p), where the o;s are independent Gaussian variables with distribution N (0, 1),
then we call w(A, o) the Gaussian mean width, denoted wg(A) = w(A, o).

The following fact allows us to translate between statements using Rademacher and Gaussian
variables:

Fact 2.9 (]29, Exercise 5.5]). For any A C [0,1]™,

wr(4) < \/ch;(A) < 2/log nuwn(A)

We can now apply these definitions to function classes.

Definition 2.10. Let Q C [0,1]* be a function class, and let # = (x1,...,7,) € X". Define
Q(Q_C) = {(Q(‘Tl)a o 7Q(xn)) °q S Q}

Then define the Rademacher mean width rg(n) to be sup;c x wr(Q(Z)), and the Gaussian mean
width gg(n) to be supzex wa(Q(Z)).

If 41 is a probability measure on X, then define the Rademacher complexity r¢q ,(n) to be
L1E,»[wr(Q(Z))], and the Gaussian complexity gq,.(n) to be tE,»[we(Q(z))]. (Note the nor-
malization factor % - this is more useful for probability applications.)

It is easy to see that for all choices of ), n, i1, we have TQT(n) <rg,u(n) and QQT(") < gq,u(n). We
now have the language to connect these notions to VC classes:

Lemma 2.11. Let X be a set, and Q C [0, 1]X. The following are equivalent:

1. @ is a VC class.
ge(n) _

2. lim, o0

TQ,gn) -0

3. lim, 0



As a consequence, if Q is a VC class, and p a probability measure on X, then lim, o 1 (1) =
limy, 00 9Q,u(n) = 0.

Proof. The equivalence between (i) and (ii) is given by [7, Theorem 2.11], and the equivalence
between (ii) and (iii) is evident from Fact O

Definition 2.12. For a function q € [0,1]* and (z1,...,z,) € X", define the average Av(z1, ..., 2,;q) =

% i1 4(z).
For a function class Q C [0, 1}X , a probability measure ¢ on X, and € > 0, say that a tuple
(1,...,2y) is a e-approzimation for QQ with respect to 1 when for every ¢ € Q, |Av(z1,...,Zn;q) —

E.[q]l <e.

Fact 2.13 ([29, Theorem 4.10]). Let Q be a class of functions from X to [0,1]. Then for any
finitely-supported probability measure p on X, and any 6 > 0, we have

nd?
(s V(o i) ~ Bl > 2 () +9) < oxp (<75 )
qe

We can use this fact as a version of the VC theorem for function classes:

Theorem 2.14. Ifn € N is such thatn > 0 and ";’T(n) < g, then for any finitely-supported probability
measure (1 on X, then there exists an e-approximation for Q in the support of p of size at most n.

In particular, if Q is a VC class and p a finitely-supported probability measure, then for every
e > 0, there exists a e-approzimation for Q in the support of u, of size at most n, where n = n(e,rq).

Proof. Fix 0 < § < e — TQT("). Then the probability that a randomly selected tuple (z1,...,zy,) is
not an e-approximation is

62
u" (sup [Av(zq,...,zn1q) — E,u, ]| > 5) < exp (_n) <1
1€Q 2

If @ is a VC class, such a ¢ can always be selected for large enough n, as lim,, ren) o O

2.2 Covering Numbers and s-Approximations

In this section, we follow the covering number approach of [I] to bound the sizes of e-approximations,
in a measure-theoretic generality suitable for Keisler measures, as in [27), Section 7.5].

Definition 2.15. For z € X", let N(Q,Z,¢) be the l-distance covering number of the set Q(Z)
- that is, the minimum size of a set A C [0,1]” such that for all ¢ € Q(Z), there is a € A with
d(a,q) < e, with d denoting the I, distance.

Let Ng-(n) = supze x» N(Q, T, €).

To bound the covering number, we will use variations on the VC-dimension:

Definition 2.16. Let Q C [0,1]¥ be a class of functions, and & > 0.

Let the e-VC-dimension of @, vc.(Q), be the supremum of the VC-dimensions ve(Qy ,+e) where
ref0,1—e]

Define the fat-shattering dimension of @, denoted fs.(Q), to be the maximal cardinality (or oo
if there is no maximum) of a finite set A C X such that there is a function f: A — [0, 1] such that
(Q — f)—c,e shatters A.

Ben Yaacov [7] has shown that Q is a VC-class if and only if vc. (@) is finite for all € > 0. The fat-
shattering dimension also corresponds (up to constants) to the idea of “determining a d-dimensional
e-box” in [7], where it is also shown that @ is a VC-class if and only if fs.(Q) is finite for all € > 0.
The following fact relates the two dimensions more concretely:



Fact 2.17 ([I, Lemma 2.2]). Let Q C [0,1]%,e > 0. Then

(@) £ 5:Q) = (2121 1) vl

The fat-shattering dimension is useful for the following lemma. (The version given here is stated
in the proof of the cited lemma.)

Fact 2.18 ([I, Lemma 3.5]). Let fs./4(Q) < d. Then

— nod,s(lc’g TL) .

dlog(2en/de)
4an
NQ,e(n) <2 (€2>

We can deduce from this and Fact that the bound of Ng . (n) = n%4<(°8™) also holds when
vee/4(Q) < d, although with a different constant.
We can also bound the VC-dimension from the covering numbers.

Lemma 2.19. Let Q C[0,1]X,0<r<s<1,0<e< 55, Then
7Q,.(n) < Ng.(n).

Proof. Let A C X be such that |A| = n and |Q, s N A| is maximized, so |Q, s N A| = 7q, ,(n). Then
for each subset B C A in |Q, s N A|, there is some ¢ € Q with gg(a) < r for a € B and gg(a) > s
for a € A\ B. The points (gg(a) : a € A) for B € @, s N A thus each have {-distance at least s —r
from each other. Thus no two of them can lie in the same e-ball in that metric, and the covering
number must be at least 7q, ,(n). O

In particular, any sub-exponential bound on the covering number for each € implies that @ is a
VC class of functions.

Alon et al. use the covering number bound to prove the existence of e-approximations using the
following fact:

Fact 2.20 ([I, Lemma 3.4]). Let ¢ > 0,n > E%,Q C [0,1)%, and let & = (z1,...,7,) be a tuple
of i.i.d. random wvariables with values in X. Then subject to measurability constraints which are

satisfied if the probability distribution of each x; is finitely supported,

2
P |sup (Av(i‘, q) _ ]E[q(m)]) >e| < 12’/1/\/'(2,5/6(271) exp{—e?)g}.
q€Q

Combining the previous two facts gives a bound on the minimum size of an e-approximation for
@ with respect to any finitely-supported probability measure p:

Fact 2.21 ([I, Theorem 3.6]). Let Q C [0,1]% satisfy fsc/24(Q) < d. Then if p is a finitely-supported
probability measure on X, for all e,6 > 0, if T = (x1,...,Ty,) consists of i.i.d. random variables
with distribution given by p, we have

P [sup (Av(z,0) — Ela(z1)]) > } <s
q€Q

1 ,d 1
n:O(82 (dln 5+ln5>>'

In a forthcoming paper[d], we will derive version of Facts and for generically stable
Keisler measures in continuous logic, bounding the sizes of e-approximations for definable predicates
with respect to a fixed generically stable Keisler measure.

for



2.3 Transversals and e-nets

While e-approximations lend themselves naturally to real-valued function classes, there is another
way of approximating set systems with respect to measures that more naturally generalizes to fuzzy
set systems: e-nets. In this subsection, we will use a fuzzy set system generalization of e-nets to
prove fuzzy versions of a bound on transversal numbers and to prove a fractional Helly property
and (p, ¢)-theorem for fuzzy set systems. This generalizes the classical combinatorial results for set
systems described in |21, Chapter 10].

Definition 2.22. Let F be a fuzzy set system on X, p a probability measure on X and € > 0.
An e-net for F with respect to p is a subset A C X such that for every (Sy,S_) € F such that
W) >e, AZS. .

In order to construct e-nets out of e-approximations, we will need to define a construction that
crops a function class down to a particular interval. Let f, s : [0,1] — [0,1] be the piecewise linear
function given by

r x<r
fr,s(ﬂf): r r<xr<s.
s T>S

Now let Q™° = {f,s0q:q€ Q}. If Q is a VC-class, then Q™* will be one as well, and in fact, for
any ' < s, the VC-dimension of (Q™*),+ s will be at most the VC-dimension of @, s, and for all

n, gor=(n) < go(n).

Lemma 2.23. For anye > 0, 0 <r < s <1, ifQ C [0,1]% is a class of functions, u is a
probability measure on X, and A = (a1,...,a,) is a 0-approximation for Q™°, where § < (s — r)e,
then A ={a1,...,a,} is a e-net for Q, s with respect to p.

Proof. Fix ¢,9,Q, and u, let § < (s —r)e, and let A be a J-approximation for Q™*. Now let q € Q,
and assume that p(g<,) = p((frs ©¢)<r) > €. Then E,[f,s0q] < s — (s —r)e, and accordingly
Av(ay,...,an;q) <s—(s—r)e+0 < s, so there exists at least one a; with g(a;) < s. O

Theorem 2.24. For anye >0,0<r <s<1 and g: N — [0,00) such that g(n) = o(1), there is
N = N((s —1)e, g) such that if Q C [0,1]% is a class of functions such that rQT(") < g(n) for all n,

and [ is a finitely-supported probability measure on X, there is an e-net A for Q. s with respect to
w with |A] < N.

Proof. Let N,d be such that g(N) < § < (s—r)e. Using Theorem we can find a J-approximation
A for Q™*, which by Lemma is a e-net for Q. O

The bound on the size of e-nets in Theorem [2.24] was easy to deduce from a version of the VC-
Theorem (Theorem , but it only applies to fuzzy set systems derived from classes of functions.
With a direct probabilistic argument, adapted from the classical proof by Haussler and Welzl ([21],
Theorem 10.2.4]), we can bound the size on e-nets for any VC fuzzy set system based only on ¢ and
the VC-dimension, up to some measurability assumptions. In an upcoming paper[d], we will prove
that this also holds in the context of generically stable Keisler measures.

Theorem 2.25. For any ¢ > 0 and d € N, there is N = O(de~*loge™!) such that if F is a fuzzy
set system on X with VC-dimension at most d, and p is a finitely-supported probability measure on
X, there is an e-net A for F with respect to p with |A] < N.

If p is not necessarily finitely-supported, then the result still holds, assuming the following events
are measurable:

Sy:SeF



N
EQ(IEl,...,IN): U <ﬂ[:c165_}>

SEF u(Sy)>e \i=1

and
El(xlv"'7xNay17"'7yN) =

U (ﬁ[z € s_]> n U (i € S4]

SEF,u(Sy)>e \i=1 IC{1,...,N},|I|>[ e | 1€l

These will be measurable, for instance, if we assume that F is a countable set system of measurable
fuzzy sets, or that v is a Borel probability measure on a topological space X where for each S € F,
Sy and S—_ are both open.

Proof. This proof generalizes the argument by Haussler and Welzl used in [21I, Theorem 10.2.4].

Let N = Cdelog (¢7'), with C to be determined later. Let A = (a1,...,an) be a tuple of
independently selected variables with values in X and distribution pu. Then let Ey be the event that
{a1,...,an} is not a e-net. We wish to show that for large enough C, P[Ey] < 1, so there must exist
a e-net of size N. We can express By = Uger (5, )>e ﬂivzl[ai € S_]. If either F or the support of
1 is countable, then this is clearly measurable, and if each S_ is open, then this is open.

Let B = (b1,...,by) be a second tuple of random variables, independent of A with the same
distribution. Let E; be the event that there exists S € F such that u(S;) > ¢, for each 1 <i < N,
a; € S_ and there are at least k = f%J values of ¢ such that b; € S;. We will show that
P[E1] > LP[Ey], and then we will show that P[E;] < 3. We can see that E; is measurable for the
same reasons as Fj is.

To show that P[Ey] > P[Ey], we will fix A, select B conditioned on A, and show that P[E;|A] >
%IP’[EO\A]. If {a1,...,an} is not a e-net, then P[Ey|A] = 0, and as Ey; C Ey, P[E1|A] = 0. Assume
{a1,...,an}is an e-net. Then if I; for 1 < i < N are the indicator random variables for b; € Sy, and
I=1 +---+ Iy, we have that P[E;|A] = P[I > k]. The I;s are i.i.d. random variables, equalling 1
with probability p(S4) > e. By a standard Chernoff tail bound for binomial distributions, we have
that P[X > k] > = IP[Ey|A]. Thus in general, P[E;] > 1P[E,].

To show that P[F;] < %, we will instead condition on the multiset D = {a1,...,an,b1,...,bx}.
Select A and B by permuting D uniformly at random. All events will be measurable as this prob-
ability space is finite. For any fixed fuzzy set S C X, let Eg be the conditional event that A C S_
and there are at least k values of ¢ such that b; € S, given the choice of multiset D. We find that
if S’ is a strong disambiguation of S N D, then Eg C Eg/, so if ' is a strong disambiguation of F
restricted to D, we have that

Elp=|J BEsclUBsc U B

SeF:u(Sy)>e SeF S'eF!

Now we apply Lemma, and find a strong disambiguation F’ with |F'| = (2N)©O(210e2N)) " or as
we will prefer later, there is C’ such that |F/| < (2N)C"(¢108(2N)) We find that for each S’ € F/, if
|[DNS'| <k, then P[Eg/] = 0, and that if |D N S’| > k, then P[Eg/] is the probability that when a
set of N elements of D is selected at random, the set is disjoint with S’. This is at most

(2N—|Dms’\) (2N—k> k N
N N ) (1_ " < ¢~ (K/2N)N _ _Cd/4
) &) _< 2N> -




Now we bound the probability of the union, letting C’ be the constant of :

P[Ey|D] < ) P[Es]
S'eF’
< |F/|€_Cd/4
< (2N)C'(dlog(2N))6Cd/4
_ ((20d671 logé.fl)cl(log@Cds*l log 671))€C/4)D
While this expression is somewhat complicated, it is still clear that an increasing quasipolynomial

function of C' times a decreasing exponential of C' will limit to 0, so for large enough C', we find that
P[E1|D] < 3. O

We apply this first to transversal numbers. We will only apply these to actual discrete set
systems, so the definitions here are the same as in [21].

Definition 2.26. Let F be a set system on a set X. A transversal of F is a set T'C X such that for
all S € F, TNS # 0. The transversal number of F, 7(F) is the minimum size of a finite transversal
T C X, if it exists.

A fractional transversal of F is a finitely-supported function ¢ : X — [0,1] such that for all
S e F, > cst(s) > 1. The fractional transversal number of F, 7*(F) is the minimum size of a
fractional transversal ¢, if it exists, with the size of ¢ being defined as ).y t(x).

We can now use Theorem [2.25 on the existence of e-nets of fuzzy set systems to bound the
transversal number of the outer set system in terms of the fractional transversal nmuber of the inner
set system.

Theorem 2.27. Letd € N, and let t > 0. There is T = T(t,d) such that if F is a finite fuzzy set
system on X with VC-dimension at most d, and 7*(F;) < t, then 7(F,) <T.

Proof. As F is finite, we may assume that there is an optimal fractional transversal f : X — [0,1]
for F; of finite support. This f leads to a probability measure y on X defined by u({z}) = T*Eg)
for all x € X, which itself has finite support.

Now we claim that any %—net for the fuzzy set system F is a transversal. If indeed a set A C X

is a 1—net, then for any S € F such that pu(Sy) > =1, we also have p(Sy) > 1, and thus

T* (]:,) 4 T

1 _ Yees, f@®@) 1
A ¢Z S_ by the {—net property. As for every S € F, we have u(S;) = —F) 2 T by the
assumption that f is a fractional transversal, A must be a transversal for F,.

Thus we can simply let T" be large enough that there must be a %-net of size at most 7. By

Theorem we can choose T depending only on d and ¢. O

We now use e-nets for fuzzy relations to give a bound on a fuzzy fractional Helly number. This
generalizes the results of [22], using the following definition of a fractional Helly number for a fuzzy
relation:

Definition 2.28. We say that a fuzzy relation R C X x Y has fractional Helly number k when for
every o > 0, there is a 8 > 0 such that if by,...,b, € Y are such that ,; Rf’;’ # () for at least a(Z)
sets I € ([Z]), then there is J C [n] with |J| > Bn such that (¢ ; (X \ RY) 0.

We can bound the fractional Helly number of a fuzzy relation by its dual VC-density, that is, the

exponent of growth of the dual shatter function (the shatter function of the fuzzy set system Sx on
Y).

Theorem 2.29. [Generalizing [29]] Let R T X x Y be a fuzzy set system with wr, (n) = o(n*).
Then R has fractional Helly number k.
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Proof. This proof follows Matousek’s probabilistic argument closely, but it is important to keep
track of when an element S of the set system is replaced with S; or S_.

Let o > 0. Fix m such that mg, (m) < %(75), and set 8 = ﬁ If n <2m? = %, then for any
b1,...,b, €Y, all that is required to find a set J C [n] with |J| > fn such that ﬂjeJ(X\Rb_j) #0is
a singleton J = {b;} with lerj # (). Thus it suffices to show that for n > 2m? = %, ifby,...,bp €Y
are such that (., R # 0 for at least af}) sets I € ([Z]), then there is J C [n] with |J| > Sn such

b
that (), (X \ RZ) # 0.

For contradiction, suppose that b1,...,b, € Y satisfy these assumptions, but ﬂjeJ(X \ ij) =0

for each J with |.J| > fn. We say that a pair (J,1) with J € (")), T € (/) is good when there is

m k
a € X with a € Rfs— for each i € I and a € R for each j € J\ I. For any given J, the set of Is such
that (J,I) is good is exactly Rx N J, and by definition, |Rx N J| < wr,(m), As by assumption,
TRy (m) < 2(7), the probability that (.J,1) is good with a randomly chosen I is less than <.

We now contradict this bound and show that the probability that a randomly chosen (J,I) is
good is at least &. Start by choosing I € (). By assumption, the probability that there is a € X
with a € RY for each i € I is at least a. For each such ¢, fix an a, and we will show that when
we choose J \ I € (LZ]_\IQ) at random, a € R’ for each j € J\ I with probability at least %. By

assumption, a ¢ R® for less than n values of b € {by,...,b,}, so the probability that a € R’ for
some j is at least

n—1 - n—m - n—m
i=0 =0

(r(lnf)"w) N B —i T =B —m —B)n-—m\"
(<;;£>)2 ) (R TR

Recalling that m < fn and 8 = ﬁ, we see that this is
pn \" m 1\"_ 1
1— >(1-2 =(1-— > -,
< n—m = 2 m 4

We now recall the (p, ¢) property, a property of classical set systems. We will use VC-dimension
of fuzzy set systems to prove a (p, q)-theorem generalizing that of [3].

O

Definition 2.30. Let F be a set system on a set X. Then F has the (p,q) property when for any
Si,...,8, € F, there are iy,. .., i, such that ﬂ?:l Si, # 0.

If p = q, then the (p,p) property just states that any p elements of a set system have nonempty
intersection. We can now adapt the classical proof of the (p, ¢)-theorem, starting with the bound on
the fractional transversal number.

Theorem 2.31. [Generalizes [J]] Let p > q>d+1 and 0 <r < s < 1. Let F be a finite fuzzy set
system with ve*(F) < d. If F; has the (p,q)-property, then 7*(F,) < N, where N = N(p,q,d).

Proof. We first note that 7*(F,) = v*(F,) when F is finite, so it suffices to bound v*(F,). Now let
f:+F —10,1] be such that S_ — f(5) is an optimal fractional packing for F,, which takes rational
values, as F is finite. (See [2I, Chapter 10].)

Let D be a common denominator so that m(S) := D f(S) is always an integer. We now define
a new fuzzy relation by letting Y be the set of pairs {(S,i) : S € F,1 < i < m(S)}, and defining
R, CX XY by (Rn)+ ={(a,S,i):a€ S.} and (R,,)— = {(a,S5,%) : a € S_}. Then the inner set
system (R,,)Y has the (p/, q)-property, where p’ = p(d — 1) + 1. Let N = |Y,,,| = Dv*(F,).

We claim there exists some a € X such that a & ( ,(yf’i))_ for at least SN pairs (5, 1) for some 8
depending only on p and d. By the fractional Helly theorem, as this class also has VC-codensity at
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most d, it suffices to find o = a(p, d) > 0 such that if for at least a(],\c[) sets I € ([JZ]), there is some
a € RY:i for each i € I. Every set of p’ sets in this collection contains at least one set of (d + 1) sets
with nonempty intersection, and each such set of (d + 1) sets is contained in (];:lﬁll) sets of p sets.
Thus the number of intersecting sets of (d + 1) sets from this collection is at least

(V(—Jzydgrl)>a<dji1>

p—d+1

for some o = a(p,d) > 0.
)

Now since we have a € X such that Rg ") is not false for at least BN pairs (S,i), we have that

1= Y s Y M9 Lovopesy

SeF;aeS_ SeF;aeS_
so v*(F,) < % O

This (p,q) theorem can now be combined with the earlier bound relating the transversal and
fractional transversal numbers (Theorem . In this process, we end up looking at three nested
set systems, using the properties of the innermost to bound the fractional transversal number of
the middle set system, and then using that to bound the transversal number of the outermost set
system. To simplify this presentation, we will only give this corollary in the case where the three
nested set systems come from the same set of functions, which is exactly the setup we will need for
model-theoretic applications:

Corollary 2.32. For all 0 < r <t < s <1, dy,do € N, andp > q > dy + 1, there exists
N = N(dy,da,p,q) € N such that if Q C [0,1]% is a finite function class such that vc*(Qr¢) < dq and
ve(Qyrs) < da, then for all finite Q, if the set system Q<, has the (p,q)-property, then T(Q<s) < N.

Proof. We will first apply Theorem to the set system Q<, to bound 7*(Q«), then enlarge the
sets slightly without increasing the fractional transversal number, bounding 7*(Q<;), and finally
apply Theorem to bound 7(Q<s).-

Fix p > ¢ > dy + 1. We will also have ¢ > vc¢*(Qr+) + 1. Applying Theorem now gives us an
Ny not depending on @ such that 7*(Q<¢) < Ny. As adding to the sets in this set system cannot
increase the fractional transversal number, we find that 7*(Q<;) < 7*(Q«;) < No.

We now look at the fuzzy set system Q¢ . Thus we know that 7*(Q<;) < Ny, and it suffices to
find N such that 7(Q<s) < N. As ve(Qts) < da, Theorem m gives us an N = N(Ny,ds) such
that 7((Q")<1) < N. O

3 Model-Theoretic Preliminaries and Notation

We refer to [9] for an introduction to metric structures and continuous logic, although we will need a
few additional pieces of notation and background, provided in this section. Throughout this paper,
let T' be a theory in continuous logic, using the language £. We fix a monster model U E T, and
will use M to denote a submodel of U, small in the sense that U is |M|-saturated.

In continuous logic, it is natural to deal with variable tuples of countably infinite length. As if
x,y are infinite tuples, |z| equals |z, y|, we shall just refer to the relevant cartesian products of a set
M as M?® and M* x MY, rather than Ml or MI=-v!,

In classical model theory, we frequently use the notation ¢(M;d) to indicate the subset of M*
defined by the formula ¢(z;y) using the parameter b € MY. As this paper will deal with metric
structures, where the definable predicate ¢(z;y) can take on any value in [0,1], ¢(M;b) will be
defined as the subset of M?® on which ¢(x;b) = 0. For other r € [0, 1], we will use the notations
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d<r(M;b) and ¢>,(M;b) to denote the sets where ¢p(x;b) < r and ¢(z;b) > r. Given any condition
(an inequality or equality of definable predicates), we will use notation such as [¢p(x) > 7] to denote
the subset of a type space S;(A) where that condition is true.

3.1 Pairs

In classical model theory, we frequently add a predicate to pick out a specific subset of a structure,
thus making that set definable in the expansion. In continuous logic, a closed subset of a metric
structure is considered definable when its distance predicate is definable. [9, Def 9.16] These definable
sets are exactly the sets that can be quantified over when constructing definable predicates. Thus
to pick out a particular subset, we restrict our attention to closed subsets, and add a predicate for
the distance to that closed subset.

Definition 3.1. If M is a metric L-structure, and A C M?* is closed, then let (M, A) be the
expansion of M to the language Lp, adding a relation symbol P interpreted as P(z) = dist(z, A).

This is a valid metric structure, because dist(z, A) is bounded and 1-Lipschitz.

Per [9, Theorem 9.12], there are axioms indicating that a predicate is the distance predicate of
a closed set, so any structure (N, B) elementary equivalent to (M, A) will be an expansion of some
N elementarily equivalent to M by a distance predicate for a closed set B C N®. Sometimes if
y=(x1,...,2,) or y = (1, x2,...), we will use P(y) to denote a definable predicate indicating that
x; € A for each i. If y = (21,...,2,), this can straightforwardly be P(y) = max?_; P(z;), but if
y = (x1,2,...), we may use P(y) = >, .2 "P(x;), and we will still have P(a) = 0 if and only if
P(a;) =0 for all s.

If we wish to define two definable subsets, we will say that (M, A, B) is the expansion adding a
distance predicate P to A and a distance predicate Q to B.

3.2 Coding Tricks

Lemma 3.2. Let ¢1(x;y), ..., 0n(x;y) be a series of definable predicates, and A CUY be such that
|A| > 2. Then there is a single definable predicate ¢(x;y1,yz,...,yx) such that for every 1 <i <mn
and a € A, there is some a € A* such that ¢;(x;a) = ¢(x;a) for all .

Proof. Let ay,as € A be distinct. Then let k = 2n + 1 and let

n

d(y2i—1,Y2i
¢(x;y17~-~,yzn):ZM@(I,%)-

i—1 d(al, ag)

Then for any 1 < i < n and a € A, we can let by = a, and choose by,...,ba, € {a1,a2} so that
baj—1 = bo; if and only if j # 4. Then ¢(x;b1,...,bk) = ¢s(x;a). O

3.3 Other Facts

The following application of the compactness theorem for metric structures will come up in a few
proofs later on in the paper.

Lemma 3.3. Let A CU. Let p(x) be a partial A-type, let q(x) be a partial U-type, and let ¢(x) be
a U-definable predicate. Then if p(x) U q(x) implies p(x) = 0, there is an A-definable predicate 0(x)
such that p(z) implies (z) = 0, and q(x) implies p(x) < 6(x).

Proof. This is a combination of compactness and the proof of [0, Prop. 7.14].
Write p(z) = {¢(x) = 0 : ¢ € U}. For every n € N, we see that {¢p(z) < J: 3§ > 0,9 €
U} Ug(z)U{p(x) > 27"} is inconsistent, so by compactness, there is a subtype p,(z) C p(x) of the
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form {¢(x) < §, : ¥ € ¥, } for some § and some finite ¥,, C ¥ such that p,(z) Ug(z) U {s(x) >
27"} is inconsistent. Thus if 6, (z) = maxyecw, ¥(x), we see that p(z) implies 6, (z) = 0, and
O0n(z) < &, implies ¢(x) < 27". Thus also p(x) implies ) 27"0,(z) = 0, and for all n, ¢(x) and
S nen 2700 (2) < 2776, implies ¢(z) < 27"

Thus by [9, Prop. 2.10], there is an increasing continuous function « : [0,1] — [0, 1] such that
on the subspace of S, (i) realizing ¢(z), we have ¢(z) < a (3,2 "0n(2)). Thus we may define
0(z) = a (X ,en 27 "0n(2)), and we find g(z) implies ¢(z) < 0(x). O

Lemma 3.4. Let A CU, let p(x) C S,(A) be a partial type, and let ¢(x) be a U-definable predicate
such that for every global type q(z) € Sy(U) extending p(x), qla implies |p(x) = rp| for some ry.
Then there is an A’-formula (x) such that p(x) implies Y(x) = ¢(x).

Proof. The restriction of parameters map S, (U) — S,(A) is a continuous surjection of compact
Hausdorff spaces, and is thus a quotient map. The set [p(z)] in either space is closed in S, (A4), and
we have assumed that ¢(z), restricted to [p(x)] C S, (U), lifts to a function from [p(x)] C S (A) to
R, which is continuous by the quotient property. This continuous function extends to all of S, (A)
by Tietze’s extension theorem, and that continuous function is an A-definable predicate, ¥ (x). O

The following fact about partitions of unity (see [25, Theorem 2.13]) will come up repeatedly in
this paper:

Fact 3.5. Let K be a compact Hausdorff space, and let Uy, ..., U, be open sets that cover K. Then
there are functions uq, ..., u, : K — [0,1] such that

e forallz € K and for all i, 0 < u;(x) <1
o forallz e K, up(z)+ -+ up(x) =1
e for all i, the support of u; is contained in U; for each i.

We will also use the notion of a forced limit from [I1], in order to carefully define a predicate as
a limit of formulas that may not necessarily converge uniformly.

Definition 3.6. Let (a, : n < w) be a sequence in [0, 1]. Define the sequence (arjimn : 7 < w)
recursively:

A Flim,0 = @0
—n—1 —n—1
A Flim,n +27" if A Flim,n +27" < An41

o . —n—1 —n—1
AFlimnt+1 = § nt1 if ariimn —27"7" < apnt1 < aFlimn +27770,
—n—1

aFlim,n — 2 if aFtimn — 27" > a1

and define the forced limit Flim,_,ocay, = limy,_, o0 @ Flim,n-
The authors of [11] make some observations about their construction:

Fact 3.7 ([I1l Lemma 3.7]). o The function Flim : [0,1]“ — [0,1] is continuous
o If (an :m < w) is a sequence such that |a, — an+1| < 27" for all n, then Flima, = lima,
e Ifa, — b fast enough that |a, —b| < 27" for all n, then Flima,, = b.

We wish to make one more observation (our technical reason for using this explicit construction):

Lemma 3.8. If (a, : n < w) is such that b — 27" < a,, for all n, then b < Flima,,.
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Proof. We just need to show inductively that b — 27" < axjim,n, as then the limit of this sequence
must be at least b.

By definition, b — 27° < ag = azlim,0-

Then assume b—27" < aFlim,,. In the three cases of the definition of a Flim n+1, either ariim nt1 >
Gp+1 O AFlimnt+1 = AFlim,n + 27"~L In the first case, we have b — 27" < Ont1 < QFlim,n+1, and
in the second, we have aFiim,n + 2=l >p_2npon-l—_p_9o-n-l O

As Flim is continuous, it can be used as an infinitary connective on definable predicates. That
is, if (¢, : n < w) is a sequence of definable predicates, Flimg,, defined by pointwise forced limits,
will be as well.

4 NIP and Honest Definitions

The following definition of NIP for metric structures comes from [7]:

Definition 4.1 (IP and NIP). We say a formula ¢(x;y) is independent or has IP when there exists
an indiscernible sequence (a; : i € w), some tuple b, and some 0 < r < s < 1 such that for all even
i, E ¢(a;;b) < r and for all odd 4, F ¢(a;;b) > s.

We say that T is/has NIP when no formula ¢(z;y) has IP.

This indiscernible definition is equivalent to a definition in terms of fuzzy VC-theory, by [7]
Lemma 5.4].

Fact 4.2. The following are equivalent:
e The formula ¢(x;y) is NIP
e For all models M E T, the function ¢(x;y) : M* x MY — [0,1] is a VC-function.

We can also give a geometric description of NIP formulas. If ¢(z;y) is a formula, we can view
the set of ¢-types Sy (B) over some parameter set B as a subset of [0,1]7, defining it as

Se(B) ={(¢(a;b) :be B) :a e M*}.

Lemma 4.3. A formula ¢(x;y) has IP if and only if there exists an infinite parameter set B C M
in some M E T such that the closed convex hull of Sy(B) has nonempty interior in the o, metric.

Proof. Suppose that B is infinite and the convex hull of Sy(B) has nonempty interior. Then for
some ¢ > 0, there is some open e-ball in the £, metric contained in the closed convex hull of S4(B),
so the closed convex hull of the function class (¢(z;b) : b € B) on M? has infinite $-fat-shattering
dimension. The not-necessarily-closed convex hull will also have infinite §-fat-shattering dimension
for every 6 < §. Thus by [24, Theorem 1.5, which places a bound on the J-fat-shattering dimension
of a convex hull in terms of the %—fat—shattering dimension of the larger class, we see that the
¢-fat-shattering dimension of (¢(z;b) : b € B) is infinite, so ¢(x;y) has IP.

Suppose that ¢(x;y) has IP. Then there is some € > 0 such that the e-fat-shattering dimension
of ¢(x;y) is infinite in some model M F T. This means that the partial type on variables (z, :
o € {0,1};y, : n € N) consisting of ¢(z4;yn) + 26 < ¢d(x,;y,) for each n € N and o, 7 that are
equal except for the nth coordinate where o(n) = 0 and 7(n) = 1 is consistent, so we can find some
(a5 : 0 € {0,1}N;b, : n € N) realizing this type. Then if B = {b, : n € N}, the convex hull of
(tpg(ag; B) : 0 € {0,1}") will contain a e-ball. O

This section is dedicated to defining a continuous logic version of a third equivalent definition of
NIP, honest definitions, and proving its equivalence to the others.

15



Definition 4.4. Let A be a closed subset of M® where M <U and (M, A) =< (M', A’). Let ¢(z;b)
be an M-predicate, and let t(x;d) be an A’-predicate. We say that ¢ (x;d) is an honest definition
for ¢(x;b) over A when

e for all a € A, ¢(a;b) = ¥(a;d)
o for all a’ € A’, ¢(a’;b) < (d';d).

If the same predicate v (y; z) works for any choice of M, A,b with |A| > 2, then we call ¥(x; z)
an honest definition for ¢(z;y). Also, because we are only concerned with honest definitions with
parameters in A C M?* we assume that z = (21,...,2,) or z = (x1,x2,...). In either case, we
abuse notation slightly and use A% to refer to A™ or AN in those respective cases.

For all ¢(z;y) and 9 (y; z), we also define a predicate

HD@%RQ@%Z)=IDM<<sup|¢@xy)—¢%%ZH7SUP<ﬂan4¢@xd>-
z:P(x) z:Q(x)

Then for d € A%, (M',A,A") E HDgy y p,o(b;d) if and only if ¥(x;d) is an honest definition for
¢(z;b). We will abuse notation later to write HDg y 4 a/(b;d) for the value of HDgy 4 p o (b;d) in
(M',AA).

In classical logic, all predicates are formulas, and only take values 0 and 1 corresponding to true
and false. Then our definition of ¢)(x; d) being an honest definition for ¢(x;b) over A corresponds to

P(A;b) Cp(A'5d) C (A5 D),

which is how honest definitions are presented in [27, Theorem 3.13].

Because the property of ¢(z; d) being an honest definition for ¢(z; ) is encapsulated in HD o 4,4/ (b; d),
we see that it does not depend on the choice of (M’, A’), as long as d € A’*. On our way to honest
definitions, it will sometimes be easier to work with ¢(z; d) such that HDy 4 4,4/ (b; d) is small, but
not necessarily zero. In fact, finding such ¢ (z; d) with HDy 4, 4/(b; d) arbitrarily small implies the
existence of an honest definition.

Lemma 4.5. Let A be a closed subset of M® where M <U, and let ¢(x;b) be an M-predicate. Let
(M, A) X (M',A"), and let d € A’*. Let (¥, (x;2) : n € N) be a sequence of definable predicates with
HDg. .y, 4,4 (b;d) <277 for each n. Then Flim,(x;d) is an honest definition for ¢(z;b) over A.

If instead we have a sequence (Vr, (25 2,) : 1 € N) with different d,, € A" such that HDy 4, a, a7 (b; dy) <
27" for each n, then Flim, (x;d) is an honest definition for ¢(x;b) over A, where d is a concate-
nation of all the tuples d,,.

Proof. Let ¢(z;2) = Flimy,(x;2). If a € A, we have |[¢,(a;d) — ¢(a;b)] < 27™, so by Fact
Flim,(a;d) = ¢(a;d). If o' € A, we have ¢(a’;b) — 27" < ¢, (a’;d), so by Lemma
¢(a’;b) < Flimpy,(a';d). Thus ¢(z;d) is an honest definition of ¢(x;b) over A.

If each ¥, (x; z,,) uses on different parameters d,,, and we let z be a concatenation of all variable
tuples z,, with d a concatenation of all the parameters d,,, then for each n, we can think of ,, as
a predicate ¢, (x; z) with ¥, (z; d) = ¥y (z;d,). Then we have |1, (a;d) — ¢(a; b)| < 27™, so defining
Y(x; z) = Flim, (x; 2) we still get that ¢(z;d) is an honest definition of ¢(x;b) over A. O

Theorem 4.6. Assume T is NIP. Let M =T, A C M*® closed, ¢(x) a definable predicate with
parameters in M. Then ¢(x) admits an honest definition over A.

Proof. Let (M’, A’) be a |M|*-saturated elementary extension.
We use the set S4 C S.(U) of types approximately realizable in A, and the fact that Sy4 is
compact. We will replace this with the set of approzimately realized types, as in [8, Def. 3.1]. In
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Fact 3.3, it is established that the set of all such types is in fact closed, and thus compact. Let
p € S4, and let ¢(p) be the unique value of ¢(a) for a E p. We will first show that p|a(x) and
{P(x) = 0} implies ¢(z) = H(p).

Fix ¢ > 0. We will try to build a Morley sequence (a; : i € w) for p over A in A’ that contradicts
NIP, by satisfying these properties:

® P(al) =0
® a,; ':p|Aa<7:
° ): |¢(a¢+1) - ¢(al)| > %

If we can build such a sequence, it will be indiscernible over A, and will thus violate NIP. Thus for
some i, the partial type plaq., U{P(x) = 0} U {|p(x) — ¢(a;)| > 5} is not consistent. We see that p
must not contain the formula |¢(x) — ¢(a;)| > §, or else this would be a subset of pU {P(z) = 0},
which is consistent as p is approximately realizable in A. Thus [¢(p)—¢(a;)| < 5, and thus the partial
type plaac; U {P(x) =0} U {|¢(x) — #(p)| > e} is not consistent. As this means p|a U {P(z) = 0}
implies |¢(z) — ¢(p)| < € for every e > 0, we see that p|as U {P(x) = 0} implies ¢(x) = ¢(p). By
Lemma there is an A’-definable £p predicate ¥ p(x;d;) in the pair language such that S4(z) and
P(z) = 0 imply ¢(z) = ¥p(x;dy). Thus by replacing each instance of the predicate P(x) in ¢p(z;2)
with 0, we get an A definable L-predicate 9)g(x; z) with P(z) = 0 implying ¢o(x; 2) = ¥p(z; 2).
This means that S4(z) and P(x) = 0 imply ¢(x) = ¥g(x;dy), so if we let 0g(x) = ¢(x)—1bo(z;dy),
we see that S4(x) and P(x) = 0 imply 0y(x) = 0, so there is some A’-definable 6(x; d2) with Sa(z)
implying 6(x; d2) = 0 and P(z) implying 0(x; d2) > 0o(x). Thus letting ¢ (x; d) = o (z; d1)+0(z; d2),
we see that for a € A, as Sa(a) holds and P(a) =0, ¥(a;d) = vo(a;d1) + 0(a; d2) = ¢(a), and for
a€ A, as P(a') =0, we have ¥(a;d) > o(a;dr) + (¢(a)—o(a;dr)) > ¢(a). O

In order to uniformize honest definitions, we will work with series of approximations to honest
definitions over finite sets.

Lemma 4.7. Let A be a closed subset of M* where M XU, and let ¢p(x;b) be an M -predicate. Fix
(M, A) < (M',A") to be |M|*-saturated, € > 0, and a definable predicate 1 (z; z).

If there exists d € A’* such that HDy 4.4/ (b;d) < €, then for all finite Ay C A, we have there
is a tuple da, € A* such that HDgy y a,.4(b;da,) < €.

Conversely, if for all finite Ag C A, there is a tuple da, € A* such that HDg y a, 4(b;da,) <€,
then there exists d € A'”* such that HDy . 4,4/ (b;d) < e.

Proof. First, we observe that for finite Ay, HDy 4 a,,4(b; 2) is equivalent to the predicate

max <max |p(ag; y) — ¥(ap; 2)|, sup (b(x;y);w(x;z))

ao€Ao z:P(x)

which is expressible using only the predicate P. Thus by elementarity, for any d € A%, HDy . 4,,4(b;d) =
HDq&,w,AO,A’(b; d) and ianeAz HD¢,¢7A07A(b; Z) = ianeA/z HD¢7¢7AU7A/(b; Z)

Now fix ¢ > 0. Assume that d € A’* is such that HDy 4 4 4/(b;d) < €. Then because inf
corresponds to 3 for open conditions, inf,ca- HDy 4 4,4/(b;2) < €, and for every finite A9 C A,
inf,ca- HDy 5 4,,4/(b; 2) < . Then by elementarity, inf.c 4 HDg 4 4,,4(b; 2) < €, so there is some
da, € A% such that HDy  a,,4(b;da,) < .

Now, assume that for all finite Ay C A, there is a tuple dg, € A* such that HDy  4,.4(b;da,) <
€.

Let (M', A") be a |[M|"-saturated elementary extension of (M, A). We claim that for some fixed
de A%, HDy y 4 a/(b;d) < e if and only if HDy y a,,4/(b;d) < e for each Ay C A. This is because
both inequalities are equivalent to stating that ¢(a’;b) < ¢¥(a';d)+¢ for all ’ € A’, as well as stating
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that |¢(a;b) — ¢ (a;d)| < e for all @ € A. Thus to find d € A”* with HDy y 4,4/ (b;d) < €, it suffices
to show that the partial type

p(2) = {HDg p 40,4 (b;2) <e: Ag C A}

is consistent, which it is, as any finite subtype is implied by a single condition HDy y 4, 47(b; 2) < €
with Ag finite, which is equivalent to HDy y 4,,4(b; 2) < €, which is realized by some da, € A*. O

Now we work towards uniformizing Honest Definitions, using the characterization over finite sets,
so that we can use the same formula v for all sets A.

Lemma 4.8. Assume T is NIP.

Let ¢(x;y) be a formula, € > 0, and let 1 — gy be a function from the set of definable predicates
Y(x; z) to N. Then there are finitely many formulas o, ..., ¥n—1 such that:

For any M =T, A C M closed, b € MY, there exists j < n such that for any Ao C A of size
|A0| < Gy, s infzzp(z) HDq&,w,AO,A(b; Z) < e.

Proof. We work in the extended language £ U {P(x),c,}, where ¢ is a tuple of constants of the
same cardinality as z.
For each ¢ (x; 2), let ©y be

sup inf | max | max |p(z;¢p) — Y(xi;2)], sup ¢(x;cp)—(x; 2) .
a:o,...,a:qw71€P 2:P(z) 1<qy z:P(z)

This formula is defined so that in an expansion (M, A,b) of a model M E T,

Oy = sup inf HDg y 4,,4(;2).
ApCA:|Ag|<qy #:P(2)

For each model (M, A, b) of this extended language, by Theorem there is an honest definition
Y(x;d) of ¢(x;0) over A, so HDgy y 4,4/ (b;d) = 0 < 5. Thus by Lemma for all finite Ag C A,

inf.c 4= HDy 4, 40,4(b;2) < 5. Thus the supremum over all such Ay is at most 5, and (M, A,b) F
Oy < 5.

As at least one of the open conditions {©, < € : 9(z;2)} holds in every model, this set covers
the (zero-variable) type space. Thus by compactness, there is a finite collection 1)y, ..., 1,—1 such
that one of the open conditions ©y, < ¢ is true in each model (M, A,b). Unpacking the definition
of ©y, this yields the result. O

We can now apply Corollary to finish uniformizing Honest Definitions:

Theorem 4.9. Assume T is NIP. Every definable predicate ¢(x;y) admits an honest definition
P(; 2).

Proof. For each € > 0, we will find ¢ (z; z) such that for every A,b, and any finite Ag C A, there
is some d € A* such that HDy 4 4,,4(b;d) < €. Then by Lemma for every A,b and saturated
extension (M, A) = (M’, A’), there will be d € A”* with HDy  4,,4(b;d) < €. If for each n, we
choose ¥, (x; z,,) that works for € = 27", then by Lemma the forced limit F lim ¢, (x; z) will be
a uniform honest definition.

Fix € > 0. If there are finitely many predicates vy, ..., %,—1 such that for each (M, A,b, Ay),
one suffices, we can use the standard coding tricks (see Lemma to find a single ¢ that can code
all of these, provided |A| > 2.

Having made all these reductions, we now find candidate predicates using Lemma Given a
partitioned predicate i(x; 2), let qp = Vc;% (lo(z, y) —(x; 2)|)+1, where we view |p(x, y) —1p(z; 2)]

as partitioned between variables (x,y) and z. Now let ¢, ..., _; be the predicates given by Lemma
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such that for any M =T, A C M closed, b € MY, there exists j < n such that for any Ag C A
of size < qd’;-’ infzzp(z) HD¢,w;.7A07A(b; Z) < %

Now fix M, A,b, Ag. We know that for some j < n, and for all A C Ay of size < Qs there is
some d € A* such that HD¢,’¢}’A6,A(b; d) < 5. '

Let D = {d € A* : Va € A, ¢(a;b) < ¥(a;d) + 5}. Let Q be the finite function class on D
consisting of the functions {|¢(ao;b) — 1} (ao; 2)| : ag € Ag}. Then for any 7, s, we have ve*(Q,.s) <
vey s ([o(w, y) =i (w; 2)|), as Q consists of fewer functions on a restricted domain. In particular, Qy; >
ve* (Q%,%)—&—L and Q<¢ has the (qw; , qw;) property, so by Corollary , there is some N depending
only on VC%7%(|¢(I‘,y) — (x5 2)]) and vc’%ﬁ(kb(x, y) — ¥j(w;2)|) such that 7(Q<c) < N. That is,
there exist di,...,dy € D such that for each a € Ag, there is some d; with |¢(a;b) — ¥} (a;d;)| < e.

Now we let ;(x; 21, ..., 2n) = mini<;<n ¥} (z; 2;), remembering that N depends only on ¢, ;.
It suffices to show that HDg y; Ay,4(b;5d1,...,dN) < . We see that ¢;(x;d1,...,dy) satisfies for
all a € A, ¢(a;b) < j(a;dy,...,dy) + ¢, as for each i, ¢(a;b) < ¢j(a;d;) + 5, so we have taken
a minimum of functions that are all sufficiently large. Also, for each a € Ay, there exists some d;
with ¢} (a;d;) < ¢(a;b) + ¢, so taking the minimum v;(a;d1,...,dy) < ¢(a;b) + ¢, and |p(x;b) —
d)j(a;dl,...,d]\{)‘<5. O

We now get a version of uniform definability of types over finite sets (UDTFS).

Definition 4.10. Let ¢(z;y) be a definable predicate. Then we say ¢(z;y) has UDTFS when there
is a definable predicate ¥ (z; z) (where z consists of k copies of x, where k is possibly infinite) such
that for any finite A C 4* with |A| > 2, and any b € UY, there is d in A* such that ¢(a;b) = v(a;d)
for all a € A.

Corollary 4.11 (UDTFS). Assume T is NIP. Every definable predicate ¢(x;y) has UDTFS.
Proof. Simply let 1(z;y) be an honest definition of ¢(z; 2). O
UDTFS also provides polynomial bounds on covering numbers.

Lemma 4.12. Let ¢(x;y) be a formula such that ¢(x;y) has UDTFES, with uniform definition
Y(x;z). Let € > 0, and let . (x;2) be a formula depending only on a finite number k of the
variables of z such that = sup, sup, [ (x;2) — e (x;2)] < e. Then Nz -(n) = O(nF). (In fact,
Nopziy),e(n) <n¥ forn>2.)

Proof. Recall that Ny(z,y).c(n) is the supremum of the e-covering numbers in the fo-metric of the
sets ¢(a;y) = {(¢p(a;;0) : 1 <i<n):belU¥} fora=(ay,...,a,) € U")™

Fix @, and let A = {a1,...,a,}. If |A] =0, then n = 0, and this is trivial. If |[A| = 1, then there
is a e-cover of size at most Ny(z.y)-(1), a constant.

Now assume |A| > 2. By UDTFS, the set ¢(a;y) equals the set ¢)(a; z). Let zg C z be the finite
tuple with |20| = k on which 1. depends. Let 7 : A* — A% be the restriction map, and let D C A*
be such that 7 is bijective on D. Thus |D| = |A%*| < n*. Then {(¢(a;;d) : 1 <i <n):d e D}
is a e-cover for ¥(a;z), as for every d € UY, there is some d' € D with n(d) = w(d’), and thus
Ye(d) = Y (d'), so in turn, for all a € A, |¥(a;d) — Pc(a;d)| < e. Thus (¢Ye(a;d) 1 <i<mn)is
within € of (¢(a;;d) : 1 <i <n) in the {o-metric. O

We now tie UDTFS back into a characterization of NIP.

Lemma 4.13. Let ¢(x;y) be a definable predicate, and assume that ¢(x;y) has UDTFS. Then
¢(x;y) is NIP.

Proof. By Lemma the polynomial bound given by Lemma on the covering number shows
that ¢(x;y) is a VC-class of functions. O
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This gives us several equivalent characterizations of NIP:
Theorem 4.14. The following are equivalent:
o T is NIP
e cvery definable predicate ¢(x;y) admits an honest definition ¢ (x; 2)
o T has UDTFS.

It remains to be checked whether a given formula or predicate ¢(x;y) being NIP guarantees
uniformity of honest definitions and UDTFS, although this was recently established for discrete
logic in [I8].

4.1 The Shelah Expansion

We now propose definitions of externally definable predicates and the Shelah expansion in continuous
logic. We confirm that it preserves NIP, as in classical logic, using a generalization of the honest
definitions proof from [14].

Definition 4.15 (External definability). Let M be a metric L-structure. We say that a function
f: M®™ —[0,1] is an externally definable predicate when there is some elementary extension M < N
some definable predicate ¢(x;y), and some b € N¥ such that f(a) = ¢(a;b) for all a € M™.

If ¢(x;y) can be chosen to be a formula rather than just a definable predicate, we say that f is
externally formula-definable.

Definition 4.16 (The Shelah Expansion). Let M be a metric £-structure, with M < N a |M|*-
saturated elementary extension. We define MS", the Shelah expansion of M, to be the metric
structure consisting of the same underlying metric space (M, d), together with a predicate symbol
Py y(z) for each L-formula ¢(z;y) and b € NY, interpreted so that Py (a) = ¢(a;b) for all a € M.
The formula Py ;, is assigned a Lipschitz constant C' such that ¢(z;y) is provably C-Lipschitz. Denote
this language £5".

Lemma 4.17. Fiz M < N with N |M|"-saturated. Then the predicates M* — [0,1] given by
quantifier-free formulas ¢(x) in L5 are exactly the externally formula-definable predicates on M, and
the quantifier-free L% -definable predicates on MS® are precisely the externally definable predicates
on M.

Proof. By definition, any externally (formula-)definable predicate f : M* — [0, 1] is given by ¢(z;b)
for some formula/definable predicate ¢(x;y) and some b € N’V where M < N’. For any b’ in any
extension of M, ¢(x;b’) defines f if and only if b realizes the partial type p(y) = {¢(a;y) = f(a) :
a € M*}. This partial type is realized by b, so by saturation, it is realized by some b’ € N, so f is
externally (formula-)definable with parameters in N. Thus the choice of N does not matter, and it
suffices to consider parameters in a fixed N.

Thus if f is externally formula-definable, we may choose a formula ¢(z;y) and b € N¥ such that
f(z) = ¢(x;b) = Pyy(z) on M, so f is given by a formula in £

Conversely, it is clear that for any formula ¢(x;y) and any b € N, the basic £5"-formula P, ()
is externally formula-definable by ¢(z;b). Any continuous connectives (not quantifiers) we apply to
these predicate symbols will preserve external formula-definability, if we apply them to the defining
formulas, so by induction, all quantifier-free £5P-formulas are L-externally formula-definable.

The externally definable predicates are exactly the uniform limits of externally formula-definable

predicates, as the uniform limit of (¢, (x;b,) : n < w) can be externally defined with lim,, ¢y, (z; bo, b1, . . .

with bob; . .. atuple over N. Thus they are exactly the uniform limits of quantifier-free £5"-formulas,
which are the quantifier-free £5"-definable predicates. O
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For the remainder of this section, we assume T is NIP, and fix M < N |M|*-saturated.

Lemma 4.18. Let f : M* — [0, 1] be externally definable. Then there is a definable predicate ¢(x;b)
with b € UY such that ¢(a;b) = f(a) for all a € M® and for every M-definable predicate 0(x; ) with
0(a;c) < f(a) for all a € M*, we also have U E 0(x;c) < ¢(x;b).

Proof. Let 1(x;d) be an external definition of f, with M < N and d € N*. Then consider the
pair (N, M), and apply Theorem 4.9, There is some elementary extension (N, M) < (N', M')
and an honest definition ¢(x;b) of ¢¥(z;d) over M with b € M'Y. This means that for a € M7,
#(a;b) = Y(a;d) = f(a), and (N',M') E sup,cp ¢(a;d)—¢(a;b) = 0. Now let O(x;c) with ¢ € M™
be such that 6(a;c) < f(a) = ¥(a;d) for all a € M* Then (N, M) E sup,cp 0(x;c)—¢(a;d) = 0,
so the same condition holds in (N’, M’), and thus (N’, M) E sup,cp 0(z;c)—¢(a;b) = 0, so M’ E
sup,, 0(z;c)—¢(a; b) = 0, and by elementarity, U F sup, 0(x;c)—d(a;b) = 0. O

We now generalize Shelah’s expansion theorem to continuous logic, using honest definitions as
in the proof in the discrete case given in [I4].

Theorem 4.19. The structure MS? admits quantifier elimination.

Proof. By [9, Lemma 13.5], it suffices to show that if ¢(z;y) is a quantifier-free £5P-formula, then
inf, ¢(x;y) is approximable by quantifier-free formulas, that is, is a quantifier-free £5P-definable
predicate. By Lemma that means that it is enough to show that if f(z,y) : M*¥ — [0,1] is
externally formula-definable, then inf,cps f(x,y) is also externally definable.

Let f(x,y) be externally formula-definable. In particular, there is some constant C' such that
f(x,y) is C-Lipschitz, and f(z,y) is externally definable. By Lemma we may assume that
f(z;y) is given by a L-predicate ¢(x,y; d) with d € U*, such that for every L(M)-definable predicate
0(x,y; c) with 0(a,b;c) < f(a,b) for all a,b € M*¥, we also have U F 0(x,y; c) < ¢(z,y; d). We claim
that inf,ecps f(2;y) is externally definable by inf, ¢(z,y; d). Clearly for any b € MY,

. N < PN
lIzlf(i)(l',b, d) ;relggé(x,b, d) < wlél]f\;[ d(z,b;d) wlél{/[ f(z,b),

so it suffices to show that for b € MY, inf s f(2,b) < inf,cy oz, b; d).
Let {(x,y) be the L(M)-formula inf,cps f(z;0)—Cd(y,b), noting that the infimum inf,eps f(z;b)
is just a constant. Then for all (a’,b") € M®Y, we find that by the Lipschitz property of f,

f(d' b)) > f(a',b) —Cd(V,b) > 1é1£4 fa;b) — Cd(V,b) = ¢(d,b).

Thus by assumption on ¢, U E ((z,y) < ¢(x,y;d), so U F inf, {(x,b) < inf, ¢(z,b;d). However, ¢
has no dependence on z, so

inf C(,b) = inf f(w3) — Cd(b,b) = inf f(w3b),

and thus inf,eps f(z;0) < inf,ey o(z, b; d). O

Corollary 4.20. The predicates M* — [0,1] given by formulas ¢(z) in L5 are exactly the exter-
nally formula-definable predicates on M, and the L£5"-definable predicates on MS® are precisely the
externally definable predicates on M.

Proof. By we can drop the “quantifier-free” descriptions from Lemma O
Corollary 4.21. The structure M>" is NIP.

Proof. Any definable predicate over M5! corresponds to an externally definable predicate ¢(z;b)
over M, which is dependent. O
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5 Definitions of Distality

Let T be a theory in continuous logic. We will present several possible definitions of distality, and
determine which of them are equivalent.
The first definition, in terms of indiscernible sequences, is unchanged from discrete logic.

Definition 5.1 (Distality). Let I be an indiscernible sequence. Then we say that I is distal when
for any indiscernible sequence I; + I with the same EM-type as I, where I; and I> are dense and
without endpoints, if Iy + d + I is also indiscernible and I; 4 I5 is indiscernible over a set B, then
I + d + I is also indiscernible over B.

We say T is distal when every indiscernible sequence in a model of T is distal.

This definition also appears in a limited continuous context in [20]. Note that we could equiva-
lently add parameters to this definition. If I + d + J is indiscernible over A with I 4+ J indiscernible
over AB, then if I + d + J is not indiscernible over AB, there must be finite tuples a C A, b C B
such that I + d + J is not indiscernible over ab. If we let I, = (ia : ¢ € I) and J, = (ja : j € J),
then I, + da + J, will be indiscernible over () but not over b, and I, + J, will be indiscernible over
b, contradicting distality.

First we check that this definition of distality implies NIP.

Theorem 5.2. If a metric theory T is distal, then T is NIP.

Proof. Assume T is not NIP. Let (a; : ¢ € w) be an indiscernible sequence, b a tuple, ¢(x;y) a
formula, and 0 < r < s < 1 such that F ¢(a;;b) < r when 7 is even and F ¢(a;;b) > s when 4 is odd.

We claim that there are sequences I,J of order type Q and some d such that I +d + J is
indiscernible, I + J is indiscernible over b, but for all i € I 4+ J, E ¢(4;0) < r while F ¢(d;b) > s. If
so, this will contradict distality. Such an I + d + J is exactly a realization of the following partial
type X in variables

X = X1 U{za} UXy ={mig: ¢ € Q} U{za} U{zjq: ¢ € Q},
where X2 is the set of increasing n-tuples of X, and (X; U X )2 is defined similarly:
TU{$(@) — (@) = 0: ¢ € £;7,7' € X7}
U {[(@,b) — (&, b)] < % e Lz E € (X UX)m e N)
U{p(z,b) <r:zeXrUX,}
U {¢(xq,b) > s}.

It suffices to show that ¥ is consistent. Let ¥y C X be finite, and let z € (X;)%, ' € (X )2,
and z4 include all the variables of X appearing in ¥y. Then we will find a finite subsequence of
(a; : 1 € w) realizing Xo. It will automatically be @-indiscernible, and we will interpret z,z’ with
even elements of the sequence, and x4 with an odd element, so we need only make sure that a finite

set of conditions of the form |¢(z1,...,2n,b) — (2], ..., 2},b)| < L are satisfied.
To do this, we find an infinite subsequence of (ag; : ¢ € w) such that for all ¢ in a finite set
Uy = {o,..., .}, some fixed m,a and each pair of increasing n-tuples a,a’, we have |¢(a,b) —

¥(@,b)] < L. Assume for induction that S is an infinite subsequence such that this holds for all
Y; with ¢ < k. (For k = 0, we set S = (ag; : i € w).) Then we color all finite subsequences
z1 < -+ < x, of S with m colors, assigning a tuple color c¢; when % < Yp(z1,... 20, b) < %
By Ramsey’s Theorem, there must be an infinite monochromatic subsequence, which satisfies the
induction step.

Once we have this infinite subsequence S, we can select a to be an arbitrary increasing subse-
quence of S. Then we interpret x4 with some ag;11 greater than all of @, and let @’ be in S and

greater than ag;41. O
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We will now show some useful lemmas for showing that indiscernible sequences are distal.

Lemma 5.3 (Generalizes [26, Lemma 2.7]). Assume T is NIP. If I is a dense indiscernible sequence
without endpoints, then I is distal if and only if for every partition I = I; + Is + I3 where I, I3, I3
have no endpoints, then for all by, by such that Iy + by + Is+ I3 and Iy + 1o 4+ by + I3 are indiscernible,
then I1 + b1 + Iy + by + I3 is also.

Proof. Clearly distality implies this condition, so it suffices to check that such a sequence is distal.

First we observe that this alternative characterization of distality (at least for dense sequences)
only depends on the EM-type of I. There exist by, b such that Iy +b1+ I+ 13 and Iy + 15+ by + 13 are
indiscernible, but I +b; +Io+bs+ 15 is not, if and only if there exists some formula ¢(y1, 21, Y2, 2, y3),
an £ > 0, such that when (y1, 21, y2, 2, y3) is an increasing tuple of variables, ¢(y1, 21, Y2, Z2,y3) =0
is in the EM-type of I, but ¢(y1, x1, y2, T2, y3) = € is consistent with (y1, z1, ¥, y3) and (y1, Yo, T2, y3)
satisfying the EM-type of I.

Now we will show another property that follows from this condition: for all natural numbers n,
if  =Iy+1;+...1, is a partition into dense endpointless pieces, and by, ..., b,_1 are such that for
each i, I+ -+ I; +b; + I;4+1 + - - - + I, is indiscernible, then Iy +by + 11 + b1 +-- -+ by—1 + I, is
also. We proceed by induction on n, with cases n = 0, 1 trivial, and case n = 2 assumed. Assuming
this works for n for all such sequences, partition or sequence as Iy +I; +- - -+ I, 11, and find suitable
by, ...,b,. Then as I' = Iy +bg+ I + Is +- - -+ I,, is indiscernible, it has the same EM-type as I, so
it also has this property. Thus the sequence obtained by inserting b; into I’ is indiscernible for all
i > 0, so by our induction hypothesis, inserting all n extra elements gives an indiscernible sequence,
as desired.

If our sequence I is not distal, then there exists a set B, a tuple d, and sequences I} + Iy
indiscernible over B, with the same EM-type as I, where I; and I are dense and without endpoints,
and I; + d + I is indiscernible but not indiscernible over B.

Thus there is some formula ¢(z1,x,22) with parameters in B, and finite tuples iy C I; and
ia C I such that for any i € I + Iz between i1 and i2, ¢(i1,7,i2) = 0, but ¢(i1,d,iz) =& > 0. By
avoiding i; and iy, we can find a final segment I} C I; and an initial segment I} C I5 such that
I} 4 I} is indiscernible over Bijis. By Bijis-indiscernibility, we see that for any partition of I] 4 I
into endpointless pieces, there is some element d’ that could be inserted, maintaining indiscernibility,
but with ¢(iy,d’,iz) = €.

Now partition I +1I} into a countable infinite sequence Jy+.J;+J2+. .. of endpointless parts. For
each n € N| there is d,, such that inserting d,, between J,, and .J, 41 maintains indiscernibility, but
@(i1,dn,i2) = €. Inserting all of these either violates indiscernibility or NIP, as ¢ (i1, d,, i2) alternates

infinitely often between 0 and . We have shown that for each n, inserting all of dy, . . . , d,, maintains
indiscernibility, so inserting each d,, at once maintains indiscernibility. Thus NIP fails, contradicting
our hypothesis. O

This lemma is the metric version of a special case of [26, Lemma 2.8], on strong base change. It
is particularly useful in conjunction with Lemma [5.3

Lemma 5.4. Let [ = Iy+ Iy + Is be an indiscernible sequence, with A D I a set of parameters, such
that Iy, I, Iy are dense without endpoints. Let a and b be such that Io+a+ 11+ 15 and Ig+ 11 +b+ 15
are indiscernible. Then there are a’ and V' such that tp(a’d’'/I) = tp(ab/I), tp(a’/A) = lim(Iy/A)
and tp(b'/A) = lim(I, /A).

Proof. Assume that the conclusion is false. Then by compactness, there are closed conditions
d(x,y) = 0 € tp(ab/I), ¥o(z) = 0 € lim(Iy/A) and ¢¥1(y) = 0 € lim(I;/A) such that {¢(z,y) =
0,%0(x) = 0,91 (y) = 0} is inconsistent. There is some minimum value € taken by max(¢o(x),¥1(y))
on the set of all types in Sy, (A) satisfying ¢(z,y) = 0, and we see that € > 0. Let I, C I be a finite
tuple containing all parameters of ¢.
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Because 1o(x) = 0 € lim(Ip/A), we can find a final segment .Jo_ C I such that vp(z) < 5 on
all of Jy_, and an initial segment Jy4 of I3 such that Jy_ + Jo4 lies in the space between elements
of I,. We can also find Ji— C Iy, Ji4 C I, satisfying the same properties for ¢,. As Jo— + Jo4 and
Ji— + Ji4 lie between elements of I, these sequences are mutually indiscernible over 4. As a and b
also lie in those intervals, we find that for any o’ € Jy_ + Joy and ¥’ € J;_ + Ji 4, ¢(a’,b’) = 0. This
means that there exist eqy, e; such that Iy + eqg + I1 + Is and Iy + I; + e; + Iy are indiscernible and
@(ep,e1) = 0. Thus for i =0 or i = 1, ¥;(e;) > e. We now add that value of e; into the sequence,
maintaining indiscernibility, and repartition.

For the sake of simplicity, assume that e; is the added value. Then we repartition Ji_ +e; + Ji4
as Ji_+Ji,, where Ji_ is a strict initial segment of .J; _. We repeat the earlier process, finding g, €/
such that Jo_ +ep + Jo4 and J{_ + J{ | remain mutually indiscernible over Iy, as do Jo— + Jo; and
Ji_ + €} + Ji,, while maintaining ¢(eg, e}) = 0. Thus we add either ef or €}, and repeat infinitely
many times.

In conclusion, we have added infinitely many points to either Jy_ or J;_. Assume without loss
of generality it was J;_. Then we have an indiscernible sequence consisting of J;_ and the added
points where the value of ¢ alternates infinitely many times between being ¢, (y) < §, as on all
original values of Jj_, and v (y) > ¢, as on all the new added points. This contradicts NIP. O

In the rest of this section, we will generalize several other definitions of distality, in terms of
types and formulas, to continuous logic. We will check that these are the correct generalizations
by showing that these definitions are all equivalent to our first definition in terms of indiscernible
sequences.

Theorem 5.5. If a metric theory T is NIP, then the following are equivalent:
1. T is distal.

2. Every global type s distal.
3. FEvery formula admits strong honest definitions.

4. FEvery formula admits an e-distal cell decomposition for each € > 0.

We will prove this over the following subsections by showing that 1 = 2,2 = 3,3 = 4,
and 4 = 1, introducing the definitions of distal types (Definition , strong honest definitions
(Definition [5.8)), and distal cell decompositions (Definition [5.17) as we go.

5.1 Distal Types

We now restate the definition of distal types in an NIP theory, which also works as-is in the continuous
context.

Definition 5.6 (Distal types, [27, Def. 9.3]). Assume T is NIP. Let p be a global A-invariant type.
Then p is distal over A when for any tuple b, if I E p()|4,, then p|a; and tp(b/AI) are weakly
orthogonal. (That means that if we write g(y) = tp(b/AI), there is a unique complete type over A
extending p(z) U ¢(y).)

If p is distal over all A such that p is invariant over A, then we just say that p is distal, without
specifying A.

Theorem 5.7. In a distal theory, all invariant types are distal.

Proof. Let p be a global A-invariant type, let b be a tuple, and let I F p(w)|Ab. We wish to show
that p|ar is weakly orthogonal to ¢(y) = tp(b/AI). One such type is tp(a,b/AI) for any a, |= p|arm,
so for contradiction, assume there is some a = p|ar such that a = parp. We then construct another
Morley sequence. Let J = p)|yrrq. Then I 4 a4+ J = pt+)| 4, and is thus indiscernible over A,
while T + J | p“*%)|y;, and is thus indiscernible over Ab C M. For any j € J, j = p|lan, but
a = plam, so I +a+ J is not indiscernible over Ab, contradicting distality. O
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5.2 Strong Honest Definitions

We will now prove a series of versions of strong honest definitions. As with honest definitions, we
start by assuming distality to show a version expressed in terms of pairs, derive a finitary version
expressible without pairs, uniformize that finitary version using the (p, ¢)-theorem, and then prove
distality from strong honest definitions, showing that all of these statements are equivalent.

There will be two basic ways to express strong honest definitions. The first is the continuous
version of the version from [I5] Prop. 19].

Definition 5.8. Let A be a closed subset of MY where M <U and (M, A) < (M', A"). Let ¢(z;y)
be a definable predicate, let a € M, and let 6(z;d) be an A’-predicate. We say that 0(x;d) is a
strong honest definition for ¢(a;y) over A when

e M'"EFO(a;d)=0
e Foralla’ € M'", b€ A, |¢(a’;b) — ¢(a;b)| < 6(d';d).

For either of these definitions, if the same predicate 6(x; z) works for any choice of M, A, b, then
we call 0(x; 2) a strong honest definition for ¢(x;y).

Essentially, 0(z; d) controls how much the type tp,(z/A) differs from tp,(a/A). In classical logic,
when ¢ and 6 only take values 0 and 1 corresponding to true and false, this definition is equivalent to
M’ E 6(a;d) and 6(x;d) - tpg(a/A). This is precisely the presentation of strong honest definitions
in [I5, Proposition 19]. We see that as in classical logic, strong honest definitions always exist in
distal theories.

Theorem 5.9. Assume T is distal. Let M =T, A C M closed, ¢(x;y) a definable predicate, and
a € M*®. There is some elementary extension (M, A) < (M', A") such that ¢(a;x) admits a strong
honest definition 0(x;d) with d € A’%.

Proof. As before, let S4 C S, (U) be the set of global types approximately realized in A. We will
show that tp(a/A’) x Salar E ¢(x;y) = ¢(a;y), and then extract the strong honest definition from
there.

To do this, let p(y) € Sa be a global type. We claim that there is b € A’ realizing p over M B for
any small B C A’. By the saturation of M’, it suffices to show that the type p(y)|mp U{P(y) =0}
is consistent. For this, it is enough to show that for every condition m(y) =0 € p(y)|m 5, and every
e >0, m(y) < e is consistent with P(y) = 0. As [m(y) < €] is an open set containing p(y), it must
also intersect the set of realizations of A, and thus intersects [P(y) = 0], so w(y) < € is consistent
with P(y) = 0.

This allows us to construct a Morley sequence I for p over M in A’, by recursively defining a,,
to be an element of A’ realizing p|araq...a,_,- By Theorem for any p(y) € Sa, plar is weakly
orthogonal to tp(a/AI), so tp(a/AI) x plar E ¢(z;y) = ¢(a;y), and expanding the parameter
sets, we see that tp(a/A’) x plar E ¢(x;y) = ¢(a;y). As this holds for all p € Sy, the condition
o(x;y) = ¢(a;y) holds everywhere on tp(a/A’) X Sa|as, so the predicate |¢(z;y) — ¢d(a;y)| is zero.

We now apply Lemma to the partial A’ types tp(a/A’) and Sa|a(y) on (z,y) and the
predicate |¢(z;y) — ¢(a;y)|, and find a definable predicate 6(z;d) with d € A’ such that tp(a/A")
implies f(x;d) = 0 and for all b satisfying a type in Sala/(y), |¢(z;b) — ¢(a;d)| < 6(x;d). In
particular, for all b € A, |¢(z;b) — ¢(a;b)| < 6(z; d). O

There is another form of strong honest definitions, which is literally an honest definition in the
sense of Definition [£.4] We call these “strong* honest definitions,” as their existence is related to
existence of strong honest definitions for the dual predicate.

Definition 5.10. Let A be a closed subset of M?® where M < U and (M, A)
be an M-predicate, and let ¢(z;d) be an A’-predicate. We say that ¢(x;
definition for ¢(x;b) over A when

(M’ A”). Let ¢(x;b)

=
d) is a strong* honest
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e forall a € A, ¢(a;b) = (a;d)
o for all a € M'*, ¢(a;b) < Y(a;d).

If the same predicate 1 (z; 2) works for any choice of M, A, b, then we call )(x; z) a strong™ honest
definition for ¢(x;y).
For all ¢(x;y) and ¢(y; z), we also define a predicate

SHDg ., p(y; 2) = max ( sup |¢(x;y) — (s 2)[, sup ¢(1’;y)'¢(ﬂc;2)> :

z:P(x)

Then for d € A”?, (M',A) E SHDy  p(b;d) if and only if ¢(z;d) is a strong® honest definition
for ¢(x;b). We will abuse notation later to write SHDy y 4 (b; d) for the value of SHDy  p(b;d) in
(M, A).

We see that strong honest definitions imply the existence of strong® honest definitions for the
dual predicate.

Lemma 5.11. Let A be a closed subset of M* where M XU and (M, A) < (M', A"). Let ¢(x;b) be
an M-predicate. If ¢*(b;x) admits a strong honest definition 0(y;d) over A, then ¢(x;b) admits a
strong® honest definition y(x;d) over A, with the same parameters, and ¥ (x;z) depending only on

0(y; 2)-
Proof. Let (x;d) = sup,(¢(z;y)—0(y;d)). Thus for a € M", ¢(a;d) = sup,(¢(a; y)—0(y; d)). By
plugging in y = b, we see that
(a;d) = ¢(a; b)=0(b; d) = d(a;b).
Now let a € A. Forallb’ € M"Y, we have |¢(a; b')—d(a;b)| < 0(V';d), so ¢p(a;b')—0(b';d) < ¢(a;b),
and thus ¢(a; d) < ¢(a;b), so ¢(a;b) = ¥(a;d). O

We can recover strong honest definitions from strong* honest definitions for both the original
predicate and its complement.

Lemma 5.12. If ¢(x;b) and 1 —¢(x;b) admit strong® honest definitions over A then ¢*(b;x) admits
a strong honest definition over A.

Proof. Assume that ¢(z;b) admits a strong* honest definition 1" (x; d) over A, and 1—¢(x;b) admits
a strong™® honest definition ¢’(z;d) over A. Then by setting ¢~ (x;d) = 1 — 4’ (x; d), we find that

e forall a € A, ¢(a;0) =¢ (a;d) = ¢t (a;d)
e forall a € M'* ¢~ (a;d) < ¢(a;b) <t (a;d).
Then we let §(y; z) = sup, max(¢~ (z; 2)—d(x;y), ¢(z;y)— T (x;2)). For every a € M'®, we have
that
¥~ (a;d)=p(a;b) = p(a; b) =9 (a;d) =0,
0
0(b; d) = supmax (v~ (w;d) = (w3 b), p(; b))~y " (w;d)) = 0.

x

Now let a € A, b’ € M'Y. We have that

|¢(a;0) — p(a; V)| = max(¢(a; b)—¢(a; V'), p(a; b')—~¢(a; b))
= max(¢p~ (a; d)=¢(a; V), ¢(a;0) =9 (a; d))
<0(v;d).
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As with honest definitions, we can take forced limits of approximate strong™ honest definitions
to get strong™® honest definitions, and the proof is essentially the same.

Lemma 5.13. Let A be a closed subset of MY where M < U, and let ¢(x;b) be an M -predicate. Let
(M,A) <= (M',A"), and let d € A’*. Let (Yn(x;2) : n € N) be a sequence of definable predicates with
SHDg y,,,4(b;d) < 27" for each n. Then Flim,(x;d) is a strong* honest definition for ¢(x;b)
over A.

If instead we have a sequence (Vn(x;2,) : n € N) with different d,, € A~ for each n such that
SHD y,,,4(b;dp) < 277, then Flim e, (x;d) is a strong® honest definition for ¢(x;b) over A, where
d is a concatenation of all the tuples d,,.

We now deduce a finitary version of strong* honest definitions, without having to introduce an
elementary extension. The proof is analogous to the proof of [£.7]

Lemma 5.14. Let A be a closed subset of MY where M < U, and let ¢(x;b) be an M-predicate.
Fiz (M, A) = (M', A") to be |M|"-saturated, € > 0, and a definable predicate ¥(x; z).

If there exists d € A" such that SHDy y a(b;d) < €, then for all finite Ag C A, we have there is
a tuple da, € A* such that SHD  a,(b;da,) < €.

Conversely, if for all finite Ag C A, there is a tuple da, € A* such that SHDy y a,(b;da,) < €,
then there exists d € A’ such that SHDy 4 a(b;d) < e.

We can now uniformize strong honest definitions using Lemma The same argument used
to prove [£.8 and then [£.9] applies again:

Theorem 5.15. Assume T is distal. Ewvery definable predicate ¢(x;y) admits a strong® honest
definition 1(x;z). That is, Then there is a definable predicate 1 (x;z) such that for any M = T,
A C M closed with |A| > 2, and b € MY with |A| > 2, there is some d such that ¥(x;d) is a strong*
honest definition for ¢(x;y) over A.

Finally, by [5.12] we can translate this back into a uniformized version of strong honest definitions.

Theorem 5.16. Assume T is distal. Fuvery definable predicate ¢(x;y) admits a strong honest
definition 0(y; z).

5.3 Distal Cell Decompositions

While our finitary approximation to a strong* honest definition matches our notions for honest
definitions, the finitary approximation to strong honest definitions will more closely resemble our
approach to UDTFS. As we will use these for more combinatorial applications, we will use the
conventions of distal cell decompositions from [13].

Definition 5.17. Let ¢(z;y) be a definable predicate, let ¥ be a finite set of definable predicates
of the form ¢ (x;y1,...,yr), where k is finite.

We say that U weakly defines a e-distal cell decomposition over M for ¢(x;y) when for every
finite B C MY with |B| > 2, there are sets By, C B for each ¢y € ¥ such that the predicate
Dvew en, Y@ b) is always nonzero, and for each 1) € ¥U,b € By, and b € B, we have the bound

sup min(y (23 ), ¥(z';0), [$(2;b) — d(a’;b)|~¢) = 0,
indicating that for all a,a’ in the support of ¥(z;b), |¢(a;b) — ¢(a’;b)| < e.
Let © = {0y : ¢ € U} where for each ¥(z;y1,...,yx) € U, 8y is a definable predicate of the form

9(1/73/17 e ayk)
We say that U and © define a e-distal cell decomposition over M for ¢(zx;y) when for every finite

B C MY with |B| > 2, we may let By, = {(b1,...,bx) € B¥ : Vb € B,0y(b;by,...,b;) = 0} in the
above definition.
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To recover the classical logic definition from [I3], we may choose any 0 < e < 1 and let ¢ =0 or
1 = 0 denote truth, while 6, = 0 corresponds to falsity.

For most purposes, it suffices to find a weak definition for a distal cell decomposition, as then we
can let

0y (y;y) = supmin(¥(z;9), ¥ (s 9), [d(z;y) — d(2"sy)|—e),
x,x’
and © = {0y : ¢ € U} will finish defining the distal cell decomposition.
We justify this definition of distal cell decompositions by showing that their existence is equivalent
to distality. First we show that distal cell decompositions follow from strong honest definitions, and
then we will show that they imply distality, completing the cycle of equivalences.

Lemma 5.18. Let ¢(x;y) be a definable predicate such that ¢(x;y) admits a strong honest definition.
Then ¢(x;y) admits a distal cell decomposition for all € > 0.

Proof. Let 6(x;z) be a strong honest definition for ¢(z;y). Then by the density of formulas in
definable predicates, let ¢(z; z) be a formula which is always within £ of £—-6(x;2).

Fix B C MY. Then for each a € M?*, there is a tuple d, in B* such that 6(a;d,) = 0, and for all
a’ € M* and b € B, |¢(a;b) — ¢(a’;b)| < 0(a';d,). Thus [¢(z;2) — 5| < §, s0 ¥(a;d,) > § > 0. If
a’ € M?® is such that ¥(a’;d,) > 0, then 6(a’;d,) < 5, so for all b € B, [¢(a;b) — ¢(a’;b)| < 5, and
thus for all a1, as € M?® such that ©¥(aq1;d,) > 0 and ¥(ag;d,) > 0, we have |p(a1;dy) —d(az;d,)| < e.

As ¢(z; 2) is a formula, it depends on only finitely many variables, so we may select y1, ...,y to
be copies of y within z including all variables on which ¢ depends. Then letting ¥ = {¢(x;y1,...,y%)},
we check that ¥ weakly defines a e-distal cell decomposition. If By, is the set of all b such that some d,
restricts to b, we find that for all a, there is some b € By, such that ¢(a;b) > 0, and for each b € By,
and for all aj,as € M® such that ¥ (ay;b) > 0 and v (ag;b) > 0, we have |¢(ay;b) — d(ag; b)| <e. O

Theorem 5.19. If a metric theory T is such that all formulas admit e-distal cell decompositions
for all e > 0, then it is distal.

Proof. Fix I 4+ d + J indiscernible with indiscernible over B and I, J infinite. We will show that
I + d+ J is indiscernible over B. To do this, let a be a finite tuple from A.

Let ¢ be a formula, and without loss of generality, assume ¢(a;bg,...,b2,) = 0 when by <
-+ < by, is an increasing sequence in I + J. Fix ¢ > 0. We will show that for any by < --- <
b1 € I,bpi1 < -+ <bop € J, ¢(a; boy . ybp—1,d, byt ..., bzn) < g, implying that I +d + J is
A-indiscernible.

Let ¥ weakly define a e-distal cell decomposition for ¢(z;yo,...,y2n). Fix a finite set Iy C I
with |Io| > |z| +2(2n +1). Then there is some ¥(z;y1, ..., yx) € ¥ and some tuple b € I* such that
¥(a,b) > 0 and for all @’ with ¥(a’;b) > 0, for all o’ € I*"*+1, ¢(a;b') < e. Thus

sup max (v (w; b),e—¢(x; b)) = 0.

Because I is large, there is an increasing sequence by < --- < by, in Iy disjoint from b, and in
particular, all of the elements in the sequence are either less than or greater than the entire tuple b.
Now let bp,...,by,_y €1, b, ,...,b5, € J, and we will show that

d(a; b, .-, 0,_,d, :H_l,..., ) < €.

There is some tuple b’ € I + J such that (bf,...,b),_1,d, b, q,...,bh,,b') has the same order type

as by, ...,bon,b. By the indiscernibility of I + d + J, we find that
sup max(Y(2; '), e—p(w; b, . . . b1, d, bl 1y, bhy,)
=supmax (¢ (z;b), e—d(x; b, . . ., bay))

=0
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and by the indiscernibility of I + J over A, we have ¥(a;b’") > 0, so
¢(a; b{)a ceey b;’L—17d7 b/n—i-lv sty bl2n) S g,

as desired. 0

5.4 Reductions

Having seen that all of these properties are equivalent to distality, we now provide some more ways
to check whether a theory is distal.

We will show that the property of admitting strong honest definitions is closed under continuous
combinations, which means that given quantifier elimination, it suffices to check that atomic formulas
admit strong honest definitions.

Lemma 5.20. Let ¢1(x;y),...,on(z;y) be formulas that admit strong honest definitions. Let u :
[0,1]™ — [0,1] be continuous. Then

o(x3y) = u(d1(z:y), - - ., dn(23y))
admits a strong honest definition.

Proof. Define F,G : ([0,1]™" x [0,1]™) — [0, 1] as follows, using the £s-norm on [0, 1]". Let F(a,a’) =
la —a'le, and G(a,d’) = |u(a) — u(a’)]. As u is continuous between two compact metric spaces,
it is uniformly continuous, so for each € > 0, there is some ¢ > 0 such that |a — a’|,_ < ¢ implies
|u(a) —u(a’)| < e. Thus by [9, Proposition 2.10], there is some increasing continuous « : [0, 1] — [0, 1]
such that «(0) = 0 and Va, d’, G(a,a’) < a(F(a,a)).

Now for 1 < i < n, let 0;(x; z) be a strong honest definition for ¢;(x; y). Thenlet 0(x; 21,...,2,) =
a (mini <<y, 0;(x; 2;)). We check that 6 is a strong honest definition for ¢.

Let M < U, A closed in MY, a € M*, (M,A) <X (M',A") be sufficiently saturated. Let
dy,...,d, € A’ be such that for each i, ;(x;d;) is a strong honest definition for ¢;(a;y) over
A. Then we see that

0(a;d) = a < max 0;(a; zi)) =0.

1<i<n

Now let @’ € M'*, b € A. We see that

‘(b(a/; b) - ¢(a7 b)| = G<¢l(aa b)’ R (bn(a/a b)a (bl (al; b)a ceey (bn(a/; b))
< a(F(d1(a;b), ... dn(a;b), d1(a’sb), ..., dn(a’;b)))

= (1rélia<xn |pi(a’;b) — dila; b)>

<a (max 0:(a’; dl))
1<i<n
=0(a’;d).
O

Corollary 5.21. As a corollary, we see that if T eliminates quantifiers and all atomic formulas
admit strong honest definitions, then T is distal.

We can also reduce to one variable.

Theorem 5.22. Let T be an NIP theory. Then T is distal if and only if any of the following
equivalent conditions hold:
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Any indiscernible I + d + J with I 4+ J indiscernible over a singleton b is indiscernible over b

For any A C M, global A-invariant type p and singleton b, if I £ p“)|zp, then pla; and
tp(b/AI) are weakly orthogonal

Any predicate ¢(x;y) with |x| =1 admits a strong honest definition

Any predicate ¢(x;y) with |x| =1 admits an e-distal cell decomposition for every & > 0.

Proof. Clearly distality implies all of these conditions.

These conditions are all equivalent by following the proofs of the implications in and keeping
track of the length of tuples. We will prove that the indiscernible condition implies distality and the
strong honest definition condition implies distality. The first proof is more straightforward, but we
will also construct explicit strong honest definitions for predicates with more variables, generalizing
the constructions in [? , Theorem 3.1] and [6], Proposition 1.9].

First we show that if distality fails, the first condition fails. Let I 4+ d + J be indiscernible, and
let b be a tuple such that I+ .J is indiscernible over b, but I +d+ J is not indiscernible over b. Then
I+ d+ J it is not indiscernible over some finite subtuple of b, and we may assume b is finite. Let n
be minimal such that there exists b = (b1, ..., b,) satisfying these properties.

For a sequence S and a tuple b, let ST be the tuple obtained by concatenating b’ to each term
of S. Then S is indiscernible over V' if and only if ST is indiscernible.

We know that I + d + J is indiscernible over (by,...,b,—1), so (I +d+ J)"(b1,...,bp_1) is
indiscernible, and (I + J)™(b1,...,b,—1) is indiscernible over b, but (I +d+ J) " (b1,...,bp—1) is
not indiscernible over b,,, so this sequence fails the first criterion over the singleton b,,.

Now we provide an explicit construction of strong honest definitions. Let T be a theory in which
every definable predicate ¢(z;y) with || = 1 admits a strong honest definition. To show that every
definable predicate ¢(x;y) admits a strong honest definition, it suffices to show it for all predicates
with || finite, as every predicate is a uniform limit of such predicates, and by Lemma[5.13] uniform
limits of predicates with strong honest definitions have strong honest definitions.

Assume for induction that this holds for every definable predicate with |z| < n, and let ¢(zo, z;y)
be a definable predicate with || = n. We will now repartition the variables of ¢ several ways, and
find strong(*) honest definitions for each repartition. Then by assumption, there exists a strong
honest definition 0y (z¢; 20) for ¢(xo;x,y). As 2o is a (possibly countable) tuple of copies of (z,y),
and we will be interested in considering 6y as a strong honest definition over sets of the form {a} x A
for A C MY, we will assume that each copy of z is equal, and write the predicate as 0y (zo; z, 20),
where zy is a tuple of copies of y. Then we let ¢*(2;y, 29) = sup,, (o, 15y)—00(z0; 2, 20), and
V™ (w5y,20) = 1 — sup,, (1 — ¢z, 2;y))—0o(x0; 2, 20). As |z| = n, there are also strong honest
definitions 01 (z; 24 ), 07 (z;2_) for ¥ (z;y,20), ¥~ (x;y, 20) respectively.

We claim that (xg, x; 20, 24, 2—) = 0o(x0; x, 20) + 07 (2524 ) + 0~ (x; 2_) is a strong honest defini-
tion for ¢(zg,z;y). Now fix A C MY, ag € M,a € M*. Let dy be such that 0y(zo; a,dp) is a strong
honest definition for ¢(ag; z,y) over {a} x A, and let d+ be such that 8% (x; d-) is a strong honest def-
inition for ¢* (a;y, z0) over A x {dy}. By definition, we will have (ao, a; do, d,,d_)=0+0+0. For
any ap € M, as 0g(ay; a,dy) > |d(ap, a; b) — d(ag, a; b)| and thus ¢(af, a;b) < ¢(ag, a;b)+00(ay; a, dy),
we have ¢y (a;b,dg) = sup,, d(af, a;b)—00(af; a,dg) < ¢(ag,a;b), and by a similar calculation,
Y (a;b,do) > ¢(ag, a;b).

Now let ajy € M, a’ € M™, and b € A, and we will show that |¢(ao, a; b)—¢(ap, a’;b)| < 0(ag, a’; d).
First we will show that ¢(af, a’;b) < ¢(ag, a;b) + 0(ay, a’; d).

We see that |7 (a';b,do) — T (a;b,do)| < 0% (a’;dy), so

¢(a6a a/; b);GO(alo; alv dO) é er(al; ba dO)
< T (a;b,do) + 07 (a';dy)
< ¢(ao, a;b) + 07 (a'; dy)
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and thus

(ag,a;b) + Oo(ah;a’,do) + 07 (a’;dy)
(ag,a;b) + 0(ag; o', do, dy, d_).

¢(ag,a’;b) < ¢
<¢

By similar logic,

d(ap,a’;b) > ¢(ag, a;b) — Oo(ag; a’,do) — 0~ (a’;d_)
Z (]S(Clo, a; b) - 9(&6, a/a dOa d+7 d—)
O
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